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Abstract. 

This is a set of expanded lecture notes from the Berkovich Space 
seminar held at the University of Georgia during Spring, 2004. The pur- 
pose of the notes is to provide a non-technical introduction to Berkovich 
spaces, and to develop the foundations for analysis on the Berkovich 
projective line, with a view toward applications in dynamics. After de- 
scribing the underlying topological space and the sheaf of functions on 
the Berkovich line, we introduce the Hsia kernel, the fundamental kernel 
for potential theory. We develop a theory of capacities, define a Lapla- 
cian operator, and construct a theory of harmonic functions. We then 
develop the theory of subharmonic functions and give applications to 
dynamics, including a construction of the Lyubich measure attached to 
a rational function. 

These notes are still in a preliminary form; we plan in the future to 
revise and expand them into a research monograph. We are making them 
accessible now because they provide proofs of some results needed in [3] . 
The paper [3] establishes an adelic equidistribution theorem for points of 
small dynamical height; the nonarchimedean part of this theorem uses 
in an essential way the theory developed in these notes. 

We have been informed by A. Chambert-Loir that his student A. Thuil- 
lier has independently proved a number of results concerning potential 
theory on Berkovich curves, including the construction of a Laplacian 
operator and a theory of harmonic functions. Chambert-Loir and Thuil- 
lier, and independently C. Favre and J. Rivera-Letelier, have also re- 
cently given constructions of a measure on PB erk attached to a rational 
function which presumably coincides with our Lyubich measure. 
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I. Topological description of the Berkovich Unit Disc. 

Let K be a global field and let v be a nonarchimedean place of K. Let 
C„ be the completion of the algebraic closure of K. In this section we recall 
Berkovich's theorem that the unit Berkovich Disc over C,, can be identified 
with the collection of all equivalence classes of sequences of nested discs 
{B(di, ri)} i= i t 2,... contained in _B(0, 1). Here B(a,r) = {z G C v : \z — a\ v < 
r}. This leads to an explicit description of the Berkovich Disc in terms of 
an infinitely-branched metrized tree. 

Let A = C V {{T}} be the ring of all formal power series with coefficients 
in <C V , converging on the unit -8(0, 1). That is, A is the ring of of all power 
series f(T) = G C V [[T]] such that lim^ \<n\ v = 0. Equip A with 

the Gauss norm 



With this norm, it is a Banach algebra over C v . 

A multiplicative seminorm on A is a function [-] x : A — > M>o such that 



[0] x = 0, [l] x = 1, [f-g] x = [f] x -[g] x and [f-g] x < [f] x + [g] x for all f,g E A. 



It is called bounded if there is a constant C x such that [f] x < C x \\f\\ for all 
/ G A. Boundedness is equivalent to continuity. 

It can be deduced from these properties that a bounded multiplicative 
seminorm [-] x on A behaves like a nonarchimedean absolute value, except 
that its kernel may be nontrivial. The multiplicativity implies that C x 
can be taken to be 1, that is, [f] x < \\f\\ for all /. Indeed for each n, 



([fir = if% < C x \\f n \\ = C x \\f\\ n , so [f] x < C^Wfl For a constant 



c G C„, necessarily [c] x = \c\ v . For this, note that by the definition of 
the Gauss norm, ||c|| = \c\ v . If c = then trivially [c] x = 0; otherwise, 
[c]x ^ || c ll = \ c \v and [c~ 1 \ v < ||c _1 || = | c — 1 1 ^ , while multiplicativity gives 
[c] x • [c = [c ■ c~ l ] x = 1. Combining these gives [c] x = \c\ v . The usual 
proof of the ultrametric inequality now carries over to show that [f + g] x < 
max([/L. [g\x) for all f,g G A, with equality if [f] x ^ [g\ x . Indeed, the 
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binomial theorem shows that for each n 

(if+gir = i(f+g) n i = 

< t\( n X-[f] k M2- k < tif] k M:- k 

k=0 \ K J k=0 

< (n + l)-m a x([f] x ,[g] x ) n . 

Taking n th roots and passing to a limit gives the inequality. If in addi- 
tion [f] x < [g\ x then [g\ x < max([/ + g] x , [-f\ x ) implies that [/ + g\ x = 
max([f] x , [g\ x ). 

By definition, the Berkovich Disc £>(0, 1) is the functional-analytic spec- 
trum of A, the set of all bounded multiplicative seminorms [-] x on A. 
By abuse of notation, we will sometimes write x for [-] x E £>(0, 1). The 
Berkovich Disc is equipped with the Gel'fond topology, the weakest topol- 
ogy such that for all f E A and all the sets 

U(f,a) = {x E B(0, 1) :[/],< a} , 
V(f,a) = {x E B(0, 1) :[f] x > a} 

are open. This makes it a nonempty, compact Haudorff space ([5], Theorem 
1.2.1, p. 13). It is also connected, even path-connected ([5], Corollary 3.2.3, 
p.52). 

Before proceeding further, we should note some elements of £>(0, 1). For 
each a E -8(0, 1) we have the evaluation seminorm, 

[/]« = \f(*)\v ■ 

The boundedness of [f] a follows from the maximum modulus principle in 
nonarchimedean analysis, which says that sup^^g^ = ||/||. Also, 

for each subdisc B(a,r) C B(0, 1), we have the sup norm 

[f]B(a,r) = SUp . 
zGB(a,r) 

Note that by the maximum modulus principle, the sup norm over the unit 
disc coincides with the Gauss norm: 

[/Uo,i) = 11/11 • 

For any decreasing sequence of discs x = {B(a,i, 7"j)}j>i we have the limit 
seminorm 

[f]x = lim[/]B(o il r i ) • 

Berkovich showed that in fact each x E 13(0, 1) is of this type. 
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Fix x G 13(0, 1). By the Weierstrass Preparation Theorem, each / G A 
can be uniquely written as 

m 

f = c-UiT-a^-uiT) 

3=1 

where c G C„, cij G -8(0, 1) for each j, and u(T) is a unit power series, that 
is u(T) = 1 + X^i a iT l G A where |aj|„ < 1 for all « and lim^oo \di\ v = 0. It 
is easy to see that [u] x = 1. Indeed, u(T) has a multiplicative inverse u~ l (T) 
of the same form, and by the definition of the Gauss norm ||tt|| = = 1. 

Since [u] x < \\u\\ = 1, [u^ 1 ]^. < < 1, and [u] x ■ [m" 1 ]^ = [u ■ u^ 1 ]^. = 1, 

necessarily [u] x = 1. 
It follows that 

m 

[/]* = ick-n^-^i- • 

Thus, each a; G i3(0, 1) is determined by its values on the linear polynomials 
T-a,ae £(0,1). 

Proposition 1.1. (Berkovich [5], p. 18) Each x G £>(0, 1) can be realized in 
the form 

[f] x = lim[/] B(ai>ri) (1.1) 

for some sequence of nested discs B(a,i,ri) D B(a 2 ,r 2 ) ~D ■ ■ ■ . If this se- 
quence has a nonempty intersection, then either 

1) the intersection is a single point a, in which case [f] x = \f(a)\ v , or 

2) it is a disc B(a,r) (where r may or may not belong to the value group 
ofC v ), in which case [f] x = [f] B (a,r)- 

Proof: Fix x G £>(0, 1), and consider the family of discs 

T = {B(a, [T — a] x ) : a G B(0, 1)} . 

If a, b G B{0, 1) and [T - a] x > [T — b] x , then 

\a - b\ v = [a- b\ x = [(T — b) — (T — a)\ x 

< msx.{[T-a\ x ,[T-b\ x ) = [T — a] x , (1.2) 

with equality if [T — a] x > [T — b] x . In particular b G B(a, [T — a] x ), and 

B(a, [T - a] x ) D B(b, [T - b] x ) . 

This means that the family T is totally ordered by containment. Put r = 
inf aeB ( 0)1 )([T — a] x ) and choose a sequence of points a, G -8(0, 1) such that 
the numbers r\ = [T — a^[ x satisfy lim^oo r\ = r. 

We claim that for each polynomial T — a with a G -5(0, 1), we have 

[T - a] x = lim [T - a] B(a . ri) . (1.3) 

i— >oo 
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If [T — a] x = r then for each a, we have r\ = [T — a^ x > |oj — a\ v by (1.2), 
so a G B(ai,ri). Hence 

[T - a] B ( ai ,n) = sup \z - a\ v = n . 

zeB(ai,ri) 

Since lim^oorj = r, (1.3) holds in this case. 

If [T — a] x > r then for each a* with [T — a] x > [T — aj] x , we have [T — a] x = 
|a— aj|„ by the strict case in (1.2), which means that \a— a,i\ v > [T— aj\ x = r^. 
Hence 

p 1 - a]B(ai,ri) = SU P 1-2 = \a - a,i\ v = [T - a] x . 

zeB(ai,ri) 

Thus the limit on the right side of (1.3) stabilizes at [T — a] x , and (1.3) holds 
in this case as well. As noted previously, [-] x is determined by its values on 
the polynomials T — a, so for all / G A, 

[f] x = }}m[f} B(ai , ri) . (1.4) 

Now suppose the intersection of the family T is non-empty, and contains 
the point a. Formula (1.3) gives 

[T-a] x = lim[7 , -a] B (o i ,r i ) < lim r i = r , 

while the definition of r shows that [T — a] x > r. Thus [T — a] x = r. Hence 
the B(a,r) (which may consist of a single point, if r = 0) is a minimal 
element of T . The arguments above show that formula (1.4) holds for any 
sequence of discs B(ai, r^) such that r j = [T — aj\ x satisfies limrj = r. If we 
take a,i = a for each i, then ri = [T — a] x = r, and (1.4) gives [f] x = [/]s( a ,r)- 
lfr = 0, it gives [f] x = \f(a)\ v . '□ 

It is important to note that there are sequences of nested discs {B{a^ ri)} 
with empty intersection. Such sequences necessarily satisfy r = limrj > 0, 
since if r = the completeness of C„ shows the intersection is a point a G C„. 

To construct one, fix < r < 1, and choose a sequence {r^} which de- 
creases monotonically to r, with r < r, < 1 for each i. The algebraic 
closure K is countable, and is dense in C„. Enumerate the elements of 
K fl -8(0, 1) as {ctj}j>i. Define a sequence of s S(oj,rj) as follows. Take 
B(ai,r\) = B(ai,r\). Suppose B(ai,ri) has been constructed. Let ji 
be the least index of an element with aij G S(aj,rj). Since > r i+ ±, 
B{ai,ri)\B{aj i ,ri + i) is nonempty; let Oj+i be any element of it. Then 
^ B(a i+ i,r i+ i). 

Clearly the sequence jj increases to oo, indeed one sees inductively that 
ji > i. For each i, the construction has arranged that the aj with j < ji 
do not belong to B(a i+1: r i+1 ). It follows that n~ 1 S(a i ,r i ) contains no 
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elements of K. If it were nonempty, it would be a disc B(a,r). However, 
every such disc contains elements of K. Hence r\^ 1 B(a i , r^) must be empty. 

This brings us to Berkovich's classification of elements of £>(0, 1): 
Points corresponding to sequences {-B(<2j,rj)} with limrj = are said 
to be of Type I. As noted above, the completeness of C v assures that the 
intersection of such a sequence is a point a 6 C„ and the corresponding 
seminorm is [•]„. We will call these points the "classical points" 

Points corresponding to sequences {B(at, n)} with nonempty intersection, 
for which r = limrj > belongs to the value group of C„, are said to be of 
type II. These correspond to a sup norm y\B(a,r)- Rivera-Letelier calls these 
"rational points" . 

Points corresponding to sequences {B(ai, n)} with nonempty intersection, 
but for which r = limrj > does not belong to the value group of C„, are 
said to be of type III. These also correspond to a sup norm [-]_B(a,r); however 
the B(a, r) is not a "rational domain" in the sense of classical rigid analysis. 
Rivera-Letelier calls these "irrational points". 

Points corresponding to sequences {B(at, rj)} with empty intersection are 
said to be of type IV. As noted before, necessarily limrj > 0. These are the 
truly "new" points in the Berkovich space, ones that aren't seen classically. 
Rivera-Letelier calls these "singular points" . 

There is a distinguished point Co in B(0, 1), namely, the point correspond- 
ing to the Gauss norm ||/||„ = [ ]b(o,i)- Chambert-Loir calls this the "Gauss 
point", and we will adopt his terminology. 

We will call two sequences of nested discs equivalent if they define the 
same point in £>(0, 1). Since the limit (1.1) is a decreasing one, it is clear 
that two sequences (S(aj,rj)} and {£>(a^, r 4 ')} are equivalent if 

a) each has a nonempty intersection, and their intersections are the same; 

or 

b) both have empty intersection, and each sequence is cofinal in the other. 

(Cofinal means that for each i, there is a j such that B(a i) r i ) D B(a' j ,r' j ), 
and for each j there is an % such that B(a' j ,r' j ) D B(a,i,ri).) 

These conditions are necessary for equivalence, as well as sufficient. From 
Proposition 1.1 it is clear that two sequences with nonempty intersection 
are equivalent if and only if they have the same intersection. A sequence x 
with nonempty intersection B(a,r) (possibly r = 0) cannot be equivalent to 
any sequence y = {S(aj,rj)} with empty intersection, since for any i with 
a B(a u ri) 

[T - a,i] x = [T - ai\ B ( a ,r) = \a - a { \ v > r u [T - a^y < [T - ai] B ^ ri) = r { 
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Finally, two sequences x = {£>(aj,rj)} and y = {B(a' i ,r' i )} with empty 
intersection which are not cofinal cannot be equivalent. Since x is not cofinal 
in y, after removing some initial terms of x we can assume that B(a l7 r±) 2 
B^a^r'j) for any i. Since D^ 1 S(aJ,rQ = 0, after deleting some initial terms 
of y we can assume that a x B(a' 1 ,r' 1 ). As any two discs are either disjoint, 
or one contains the other, it must be that B(ai, r{) and B(a' 1 ,r' 1 ) are disjoint. 
Since B(a' i , r-) C B(a' 1 ,r' 1 ) for all i, we have [T — ai]s( a '.,r-') — |°i — a '\\v > f'\ 
for each i. Hence 

[T-a^ < [T - a 1 \ B ( ai ,r 1 ) = n , 
[T-ai]^ = limfT- ai]m a ' r M = (ai-a'^ > n . 

i— »oo 1 1 

We will use this description of seminorms on A to construct a topological 
model of 13(0, 1). Let x = B(a,r) C 5(0, 1) be any . (Here r may or may 
not belong to the value group of C v . We also allow the possibility that 
r = 0, so that B(a,r) degenerates to the single point a.) By the line of 
discs [r, \\ x we mean the set of discs {B(a, t) : r < t < 1}. We view this set 
as having the structure of a line segment, with the discs B(a, i) as points of 
the segment. 

Now let S = {B(a±,ri), . . . , B(a n , r n )} be any finite set of discs contained 
in B(0, 1). Define the graph of discs As to be the union of the associated 
lines of discs [r h l]s( ai ,r i ), 

n 

A S = \J[riA]B(a i ,r i ) ■ 
i=l 

In forming the union, we identify points of segments whose associated discs 
coincide. The graph A s is a tree rooted at the point B(0, 1), and has a nat- 
ural metric on its edges gotten from the distance function on its component 
segments, making it a metrized graph. 

An alternate description of Ag, which may make its structure clearer, is 
as follows. Define the saturation of S to be the set S gotten by adjoining to 
S all discs B(ai, \a,i — aj\ v ) with B(a,i,ri), B(aj,rj) G S, and also the B(0, 1). 
Note that the radius of each in S\S belongs to the value group of C„. Then 
As is the finite metrized graph whose nodes are the discs in S, and which has 
an edge of length | r*j — r*j- 1 between each pair of nodes B(ai, n), B(aj, rj) G S 
for which B(ai,ri) D B(aj,rj) or B(aj,rj) D B(ai,ri). Clearly only discs 
B(ai,r,j) with radii belonging to the value group of C v branch points of the 
graph. 
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If Si and S2 are any two finite sets of discs, then and As 2 are metrized 
subgraphs of As lUS2 . Thus, the collection of graphs A s is a directed set. Let 

A = U A * 

s 

be their union. Each each B(a,r) C -8(0, 1) corresponds to a unique point 
in A. That is, each seminorm [-] x of type I, II, or III corresponds in a natural 
way to a unique point of A. 

To incorporate the points of type IV we must enlarge A by adding "ends" . 
Consider a decreasing sequence of nested discs x = {-B(aj,rj)}, and put 
r = limrj. The union of the lines of discs [r^, l]^^,^) is a "half-open" line 
of discs, which we will write as (r, l] x . If r\iB(a,i,ri) is nonempty, then the 
intersection is a B(a,r) and (r, l] x extends in a natural way to the closed 
line [r, l] x = [r, l]s( a ,r)- However, if Dj.B(aj,rj) = 0, we must adjoin a new 
"end" in order to close up (r, l] x . By abuse of notation we denote this point 
x, and write [r, l] x = (r, l] x U {a:}. It is clear that cofinal sequences define 
the same the half-line (r, l] x , so the point closing up the half-line depends 
only on the seminorm [-] x and not on the sequence defining it. 

Our model of £>(0, 1) is the space A gotten by adjoining to A all the ends 
x corresponding to points of type IV. Like A, it is a metrized tree rooted 
at -8(0, 1). It has countably many branches emanating from the root, each 
branch corresponding to discs contained in an open B(a, 1) _ = {z G : 
\z — a\ v < 1}. Each branch splits into into countably many branches at 
each point B(a, r) of type II (for which r belongs to the value group of C„), 
and each new branch behaves in the same way. This incredible collection 
of splitting branches forms a sort of "witch's broom". However, the witch's 
broom has some structure: it splits only at the points B(a, r) of type II, not 
those of type III; and there are only countably many branches at each point 
of type II, corresponding to the open discs B(p, r)~ with p G B(a, r). Some 
of the branches extend all the way to the bottom (terminating in points of 
type I), while others are "cauterized off" earlier and terminate at points of 
type IV, but every branch terminates either at a point of type I or type IV. 

Now consider the topology on £>(0, 1). By definition, the Gel'fond topol- 
ogy is generated by the open sets U(f,a) = {x G 13(0, 1) : [f] x < a} and 
V(f, a) = {x G £>(0, 1) : [f] x > a}, for / G A and a G R. Since the value 
group of C„ is dense in R>o, it suffices to consider a belonging to the value 
group of C„. Also, by the Weierstrass preparation theorem and the fact that 
any unit power series u(T) satisfies [u] x = 1, we can restrict to polynomials 
f(T) G C V [T] with roots in B{0, 1). 

Given a nonconstant polynomial f(T) = c\\™ =1 (T — ai) mi G C„[T], and 
a > belonging to the value group of C„, there is a well-known description of 
the set {z G C v : \ f(z)\ v < a} as a finite union of closed discs \jf =1 B(a i: ri) 
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(c.f. [7], Theorem 3.1.2, p. 180). Here the centers can be taken to be roots 
of /(T), and each r\ belongs to the value group of C„. If desired, one can 
assume that the discs in the decomposition are pairwise disjoint. However, 
for us it will be more useful to assume that all the roots occur as centers, so 
N = n, and that if Oj and a,j are roots with a,j G S(aj,rj), then B(ai,ri) = 
B(a,j,rj). 

Taking the union over an increasing sequence of a, we can lift the re- 
quirement that a belongs to the value group of (note that if a is not in 
the value group, then {z G C v : |/(^)|^ = «} is empty.) Thus, any a > 
determines a collection of numbers r\ > 0, which belong to the value group 
of Q, if a does, such that 

n 

{zeC v : \f(z)\ v <a} = \jB(a t , ri ) . 

i=l 

Here we assume as before that a±, . . . ,a n are the roots of f(z), and if 
dj G B(di,ri) then rj = r\. Using this and the factorization of f(T), it is 
easy to see that 

n 

{z G C : \f(z)\ v < a} = \jB(a t , ri )-, 

i=i 

where _B(aj,rj) _ = {z E C v : \z — ai\ v < r^}. 

For any closed disc B(b,t) C S(aj,rj) _ with t in the value group of C„, 
one sees readily that 

SUp |/(z)|„<0!. 
zeB(b,t) 

Likewise, on any B(b,t) C B(a h r i )\(U aj&B ( ai , ri) B(a j , r^') one has \f(z)\ v = 
a, and on any B(b, t) disjoint from U" =1 S(aj, rj) one has |/(^)|u = f3 for some 
(3 > a. 

Suppose x G B(0, 1) corresponds to a sequence of nested discs {B(bj, tj)}. 
Without loss, we can assume that each tj belongs to the value group of 
C„. We will say that x is associated to an open disc B{a,r)~ if there is 
some j such that B(bj,tj) C B(a,r)~. We say that x is associated to a 
closed disc B(a,r) if there is some j such that B(bj,tj) C B(a,r), or if 
^jL\B{bj,tj) = B(a,r). From the assertions in the previous paragraph, 
it follows that [f] x < a if and only if x is associated to some B(ai,ri)~. 
Likewise, [f] x > a if and only x is not associated to any of the S(aj,rj). 

It is not hard to see that x is associated to an open disc B(a,r)~ if and 
only if [T — a] x < r. Indeed, [T — a]B(bj,tj) — max(t,-, \bj — a\ v ). Thus, if 
[T — a] x < r, then there is some j for which max(t,-, \bj — a\ v ) < r and this 
implies B(bj,tj) C B(a,r)~. Conversely, if B(bj,tj) C B(a,r)~ then tj < r 
and \bj - a\ v < r so [T - a] x < [T — a] B(bjjt]) < r. 
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Similarly, x is associated to a closed disc B(a, r) if and only if [T — a] x < r. 
First suppose x is associated to B(a,r). If some B(bj,tj) C B(a,r) then 
clearly [T - a] x < [T - a] B{b ^ tj) < r. By Proposition 1.1 if n~ 1 S(fo j ,^) = 
-B(a, r) then [T — a] s = [T — a]B( a ,r) — r - Conversely, suppose [T — a] x < r. 
If B(bj,tj) C B(a,r) for some j then x is certainly associated to B(a,r). 
Otherwise, for each j either B(bj,tj) is disjoint from B(a,r) or B(bj,tj) D 
B(a,r). If some B(bj ,tj ) is disjoint from B(a,r) then by the ultrametric 
inequality \z — a\ v = \bj — a\ v > r for all z G B(bj ,tj ). Since the discs 
B(bj, tj) are nested, this means that [T — ajs^.^) = \bj — a\ v for all j > jo, 
and hence that [T — a] x = \bj — a\ v . This contradicts [T — a] x < r, so it 
must be that each B(bj,tj) contains B(a,r). Thus, n^ =1 S(fo J -, ^) = B(a,t) 
for some t > r. By Proposition 1.1, [T — a] x = t. Since we have assumed 
[T — a] x < r this gives t = r, so x is associated to Z?(a, r). 

This leads us to define open and closed "Berkovich discs" , as follows. For 
a e B(0, 1) and r > 0, write 

B(a,r)- = {x e B(0, 1) : [T - a\ x < r} , 
B(a,r) = {x E B(0, 1) : [T - a] x < r} . 

With this notation, our discussion above shows that 

N N 

U(f, a) = {J B(a t , n)-, V(f, a) = B(0, 1)\ [j B(a t , u ) . 
i=i i=i 

In terms of our model A, a closed Berkovich disc B(a, r) consists of all 
points in a branch on or below B(a,r). If r belongs to the value group 
of C„, then the open Berkovich disc B(a,r)~ is one of the countably many 
open branches emanating from B(a,r) (more precisely, the one containing 
a), while if r does not belong to the value group of C„, then B(a,r)~ = 
B(a,r)\{B(a,r)} consists of all points in the open branch below B(a,r). 

Taking finite intersections of sets of the form U(f, a) and V(f, a) gives a 
basis for the open sets in the Gel'fond topology. Thus, 

Proposition 1.2. A basis for the open sets of B(0, 1) is given by the sets 

N N 

B(a,r)-, £(a,r)-\U#(a*,n), and B(0, 1)\ |J B(a h n), 
i=i i=i 

where a and the <2j range over 5(0, 1), and where each r, r\ > 0. 

Clearly this basis has a countable sub-basis, gotten by restricting to discs 
B(a,r)~ and B(a i: ri) whose centers belong to K n -8(0, 1) and whose radii 
belong to the value group of C„. 

Corollary 1.3. £>(0, 1) is a metric space. 
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Proof: A compact Hausdorff space is "T3", that is, each point is closed, 
and for each point x and each closed set A with x £ A, there are disjoint 
open neighborhoods U of x and V of A. Urysohn's Metrization theorem 
([18], p. 125) says that any T3 space with a countable basis is metrizable. □ 

It is important to note that the path distance function p(x, y), the length 
of the shortest path from x to y in A, is not a metric defining the Gel'fond 
topology. For example, if p — B(0, 1) is the root of A, then {x G A : p(x, p) < 
1/2} does not contain any points a of type I, while every neighborhood of 
p in the Gel'fond topology contains infinitely many such points. This same 
example shows p(x, y) is not even continuous for the Gel'fond topology. 
(In fact, the topology defined by p(x,y) is strictly finer than the Gel'fond 
topology.) 

Tracing through the proof of Urysohn's theorem, one can construct a 
metric defining the Gel'fond topology as follows. First, define a 'separation 
kernel' for discs B(a,r) and points a' G -8(0, 1) by 

A(B(a,r),a') = sup (\z — a'\ v ) = max(r, \a — a'\ v ) . 

zeB(a,r) 

Extend it to pairs of discs B(a,r), B(a',r') by 

A(B(a,r), B(a',r')) = sup (\z — w\ v ) = max(r, r', \a — a'\ v ) , 

zeB(a,r) 
weB(a',r') 

and then to arbitrary points x, y G £>(0, 1) by 

A(x,y) = lim max(rj,r-, |oj - a-|„) . 

if x, y correspond to sequences of nested discs {B(ai,Ti)}, {B{a' i: r' i )}. 

Let {ttj} be an enumeration of K n -8(0, 1) (or more generally, take any 
countable dense subset of £>(0, 1)), and define a map (p from £>(0, 1) to the 
infinite-dimensional unit cube [0, 1] N by putting 

<p(x) = (A(x,aj)) jm 

It can be checked that •p is a topological isomorphism from £>(0, 1) onto 
its image, equipped with the induced topology. Pulling back the metric on 
[0, 1] N , we obtain a metric defining the topology on B(0, 1): 

OO J 

d(x,y) = ^— \A(x,aj) - A(y,<Xj)\ . 
j=i 1 

However, this formula seems nearly useless for understanding the Gel'fond 
topology. It is much better to visualize the open sets in £>(0, 1) in one of 
the following ways: 
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A) In terms of A, the basic open sets are the sets of the following three 
types: open branches of A, open branches with a finite number of closed 
branches removed, and A with a finite number of closed branches removed. 

B) In terms of the classical disc B(0, 1), the basic open sets are the subsets 
of £>(0, 1) consisting of all points associated to an open disc B(a,r)~, to a 
'punctured open disc' B(a, r)^\U^ =l B(ai, r^), or to a 'punctured whole disc' 
B(0, 1)\ U^ 1 B(di, Tj). (We say x is associated to B(a, r)~\ U^ 1 B(a,i, ri) if 
it is associated to B(a,r)~ but it is not associated to any B(a,i,ri)). 



2. The Berkovich Projective Line. 

In this section we will describe the sheaf of functions on the Berkovich 
disc, making it a locally ringed space. Then we will discuss the gluing 
process used to assemble the Berkovich afline and projective lines. 

We follow Berkovich's original gluing procedure, described in ([5], Chapter 
3), which requires gluing on quasi- affinoid open sets. This suffices for con- 
structing the Berkovich analytic spaces corresponding to algebraic varieties. 
Later ([6]) Berkovich gave a more sophisticated gluing procedure using nets, 
which allows the construction of Berkovich analytic spaces corresponding to 
arbitrary rigid analytic spaces. 

We simplify Berkovich's exposition by restricting the gluing process to 
affinoids corresponding to classical Tate algebras; actually ([5]) permits glu- 
ing along a larger class of affinoid-like spaces. 

Let us begin by reinterpreting the points of the Berkovich disc. By the 
results in Section 1, each x G £>(0, 1) corresponds to an equivalence class of 
nested discs {B(a i) r, i )} in B(0, 1), and for / G C„{{T}} the corresponding 
seminorm [/].,. is a limit of the sup norms [/]s( ai ,r l )- However, this association 
of [f] x with sup norms is misleading. A more accurate assertion is that [f] x 
is the generic value of at x. 

To see this, suppose x is a point of type II, so that x corresponds to a 
disc B(a,r) with r in the value group of C*. Proposition 1.1 asserts that 
for / G C V {{T}}, 

[f]x = max \f{z)\ v . 

z£B(a,r) 

If the zeros of f(z) in B(a, r) are a±, . . . , a m , then by the Weierstrass Prepa- 
ration Theorem |/(^)|t; is takes on its maximum value on B(a,r) at each 
point of B(a,r)\ U™ =1 B(di,r)~. In other words, [f] x is the constant value 
which assumes 'almost everywhere' on B(a,r). The multiplicative 

seminorm [-} x extends in a unique way to the quotient field of C„{{T}}, 
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with 

Vl^ = W. ' 

However, this extended seminorm is definitely not the sup norm: if (f/g)(z) 
has poles in B(a,r) then sup zeB u r \ \(f /g)(z)\ v = oo. Rather, if f(z) 
has zeros a\, . . . ,a m and g(z) has zeros b±, . . . ,b n , then [f/g] x is the con- 
stant value which \ f(z)/g(z)\ v assumes everywhere on the 'punctured disc' 
B(a, r)\(U™ 1 -B(a i , r)~) U U" =1 B(bj, r)~). This is best understood as the 
'generic value' of \(f / g)(z)\ v on B(a,r). 

For points x of type I, III or IV, the notion of a generic value of |/(;z)|„ 
at x has to be interpreted in a slightly broader way. Let x G 13(0, 1) be 
arbitrary. By continuity, for each e > there is a neighborhood U of x in 
6(0,1) such that for each t G U, \[f] t — [f] x \ < e. In particular, for each 
type I point z G U , 

| \f( z )\ v -[f] x | < e . 

By the description of the topology of 13(0, 1) in Section 1, sets of the form 
B(a,r)\ U™! B(ai,ri)~ are cofinal in the set of closed neighborhoods of x. 
Thus, [f] x is the unique number such that for each e > 0, there is a punc- 
tured disc B(a,r)\ U™ 1 B(a{,ri)~ corresponding to a closed neighborhood 
of x such that |/(z)|u is within e of [f] x on that punctured disc. In this 
sense [f] x is the generic value of \f(z)\ v at x. 

In rigid analysis, each punctured disc V = B(a,r)\(W^L 1 B(a i ,r i )^) with 
r < 1 and r, r 1; . . . , r m in the value group of corresponds to an affinoid 
subdomain of 5(0,1). More precisely, if b,b\, . . .b m G C v are such that 
\b\ v = r and \bi\ v = for each %, then V is a Laurent domain, isomorphic to 
the set of maximal ideals Max(^4y) of the Tate algebra 

A v = C v {{T,T 1 ,...,T m }}[X]/X v . (2.1) 

Here 

C V {{T, T l ,...,T m }} = {]T c ? r°Tr ■■■T^E C V [[T}\ : Jim \c^ v = 0} 

is the ring of power series converging on the unit polydisc {(z , z±, . . . , z m ) G 
C™ +1 : max(|^) < 1}, and 

Z v = (bT - (X - a), (X - ai)Ti - b u . . . , (X - a m )T m - b m ) . 

The relations generating Xy mean that Max(^lv r ) is isomorphic to the set 
of x G C v for which (^r, , . . . , bm ) belongs to the unit polydisc, or 
equivalently, that \x — a\ v < r and \x — a^\ v > r, for i = 1, . . . , m. This is 
precisely the punctured disc V. 
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The localization of C V {{T}} at (T — a\)/bi, ... ,(T — a m )/b m is dense in 
Ay. Hence, writing X for the element bT + a E C V {{T}}, each bounded 
multiplicative seminorm [-] x on C„{{T}} for which 

[X] x < 1 and [h/iX - ai )] x < 1, . . . , [b m /(X - a rn )] x < 1 

(2.2) 

extends to a bounded multiplicative seminorm on Ay. Conversely, each 
bounded multiplicative seminorm on Ay restricts to a bounded multiplica- 
tive seminorm on C„{{T}} for which (2.2) holds. Thus, the function analytic 
spectrum M(Ay) can be identified with the subset £(a, r)\ U™^ £(aj,rj)~ 
of £(0,1). 

We have emphasized the reinterpretation of seminorms [-] x as 'generic 
values' partly to explain why such an inclusion is reasonable. Since V is a 
more complicated domain than £(0,1), one should not expect to identify 
seminorms [-] x on Ay with sup norms on nested sequences of discs; however, 
one might hope to identify them with sup norms on nested sequences of 
punctured discs contained in B(a, r)\ U™ 1 £(cij, n) - . Such an identification 
can in fact be made, though we will not prove it here. However, we do 
note that each punctured disc x = B(b,t)\ U" =1 B(b i: t)~, in which the 
deleted discs have the same radius as the outer disc, determines a bounded 
multiplicative seminorm 

[fix = SUp \f(z)\v 

zeB{b,t)\Jf =1 B{bi,t)- 

on any ring Ay for which V = B(a, r)\ U™ i -B(a«, contains £(6, t)\ U™ =1 
lhb,.l) . 

We will now discuss the sheaf of functions on £(0, 1) making it into a 
locally ringed space. We give the general definition of the sheaf of functions 
on an afnnoid Berkovich space, then illustrate it for £(0, 1). 

Note that C V {{T\, . . . ,T m }}, given the Gauss norm ||/|| = max^dc^) 
(which coincides with the sup norm over the unit polydisc), is a Banach alge- 
bra over C„. Let A be a Tate algebra, that is, a quotient C v {{Ti, . . . , T m }}/X 
for some m. Equipped with the quotient norm ||/||j = inf go6 i ||/ + <?o||, it 
too is a Banach algebra over C v . The maximal spectrum Max(*4) is a (Tate) 
affinoid rigid analytic space. By definition, the afnnoid Berkovich space as- 
sociated to A is the functional analytic spectrum X = A4(A), the set of 
all bounded multiplicative seminorms [-] x : A — > M>o, equipped with the 
Gel'fand topology. 

A closed set V C X will be called a (strict) affinoid Berkovich subdomain 
of X if there exist a Tate algebra Ay and a continuous homomorphism 
(p : A — > Ay satisfying the following universal property: for each contin- 
uous homomorphism of Tate algebras r : A — > £ such that the pullback 
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T*(Ai(B)) is contained in V, there is a unique continuous homomorphism 
f : Ay — ► £> with t = foLp. In that case, it can be shown that V = M(Av) 
([5], Proposition 2.2.4, p.29). 

The closure of any affinoid subdomain of Max(^4) in X is an affinoid 
Berkovich subdomain of X. Such domains form a basis for the closed neigh- 
borhoods of any point x G X ([5], Proposition 2.2.3, p. 28; recall that a 
closed neighborhood of x means the closure of an open set containing x). 
The intersection of two affinoid Berkovich subdomains is again an affinoid 
Berkovich subdomain, but the union of two affinoid Berkovich subdomains 
need not be one. Nonetheless, if Vi, . . . ,V m are affinoid Berkovich subdo- 
mains of X, and if V = Vi U . . . U V m , there is a natural C^-algebra Ay 
associated to V, 

m 

A v = Ker(JI^v5 ^\\A v ^v 3 ) ■ 

i=l i,j 

Such a V will be called a special subset of X. Given an open set U C X, 
put 

V(U, Ox) = hm A v ■ (2.3) 

vcu 

V special 

It is a consequence of Tate's acyclicity theorem that this construction defines 
a sheaf of rings Ox, the Berkovich structure sheaf, on X. 
For each x G X, the stalk of Ox at x is defined by 

O x , x = hm T(U,Ox) ; 

x<=U 
U open 

since strict affinoid Berkovich subdomains are cofinal in the neighborhoods 
of x, we also have 

O x , x = Km A v ■ (2.4) 

V strict affinoid 

The seminorms [-] x on the Ay with x G V are compatible, so they induce a 
seminorm [-] x on Ox, x - If Px is the kernel of [-] x on Ox, x , then [-^ descends 
to a norm on the residue field Ox, x /p x - Let /C(x) be the completion of 
Ox,x/p x under [-] x . It is a valuation field, with norm again denoted [-] x . 

There is a natural homomorphism from Ox, x to JC(x). For any function 
/ G A, its value f(x) at x is defined to be the image of / in K{x). The 
norm of f(x) under the absolute value on K{x) is simply [/(x)] x = [f] x . 

We will now consider how these definitions play out for the Berkovich 
disc. 
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Let U = B(a,r)~\ U]Li B( a j, r j) be a basic open set in ,6(0,1). Take 
a sequence of numbers Si, s 2 , . . . in the value group of C* which increase 
monotonically to r, and for each j — 1, . . . , m take a sequence of numbers 
sij,S2j,--- in the value group of C v which decrease monotonically to r^. 
Then the affinoid Berkovich domains Vi = B(a, Sj)\ U™ =1 B(aj, Sij)~ form an 
exhaustion of U. Let A Vl be the Tate algebra associated to Vi as in (2.1). 
If k > i, the natural restriction map p^i : A Vk — > A v . is injective, so we can 
view A Vk as a subring of Ay.. Thus the inverse limit in (2.4) becomes an 
intersection: 

oo 

r(u,o x ) = r\A Vi . 
i=i 

For example, if U — £>(0, 1)~, let s±, s 2 , . . . increase monotonically to 1, and 
put Vi = B(0,Si). Then 

oo 

A Vi = {E c ^T k e C„[[T]] : lim | c fc U = 0} 

and 

oo 

T(U, Ox) = {Y] c k T k E C V [[T]] : lim s k \c k \ v = for each < s < 1} . 

k=o (2.5) 

Note that T(U, Ox) is strictly larger than the ring of power series with 
bounded coefficients, the ring usually associated with the open unit ball 
B(0, 1)~. In particular, T(U,O x ) contains all power series J2T=o c kT k with 
\ck\v < log (A;) for each k. 

Next take / e A — C V {{T}}, and consider the values f(x) £ JC(x) for 
the various types of x G £>(0, 1). 

If x is of type I, so it corresponds to a classical point z G -8(0, 1), then 
Ox,x is the ring of germs of power series converging in a neighborhood 
of z, and p x is the ideal of germs of power series vanishing at z. Thus 
K{x) is canonically isomorphic to C„, f(x) is the usual value f(z) G C v , 
and [f(x)] x = [f] x = \f(z)\ v . The subring of C V (T) consisting of rational 
functions with no poles at z is dense in Ox, x - 

If x is of type II, III, or IV, then the seminorm [-] x is actually a norm. 
The stalk O x , x contains the field of rational functions C V (T) as a dense 
subset, and p x = (0). The ring A injects into Ox, x , which injects into its 
completion K,{x). The 'value' f(x) is simply / itself, viewed as an element 
of K,{x). However, the structure of the valued field K{x) varies with x, as 
does the norm of f(x), which is [/(^)] s = [f] x - We will now attempt to 
make the fields JC(x) more explicit. 
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If x is of type II, it corresponds to a disc B(a,r) with r = in the 
value group of C*, and the seminorm [f] x is is given by the 'generic value' 
of \f(z)\ v on B(a,r). For polynomials f(T) G C V [T], 

[fix = sup \f(t)\ v = sup \f((z - a)/b)\ v , 

teB(a,r) zeB(0,l) 

which coincides with the Gauss norm of f((T — a)/b). The field of rational 
functions C V (T) is dense in Ox, x , s° K,{x) is isomorphic to the completion 
of C V (T) with respect to a Gauss norm. This is a field whose value group 
coincides with that of C*, and whose residue field is the field of rational 
functions W V (T), where F„ is the residue field of C„. (Note that although all 
the fields K,(x) for points of type II are isomorphic to each other, they are 
completions of C„(T) with respect to different Gauss norms.) 

If x is of type III, it corresponds to a disc B(a, r) with r not in the value 
group of C*, and for linear polynomials, [T — b] x = r if b G B(a,r), and 
[T — b] x — \b — a\ v if b ^ B(a, r). The value group of K,(x) is generated by r 
and the value group of C* ; it is strictly larger than the value group of C* . 
If / G C V (T) and [f] x = 1, then / must have the same number of zeros and 
poles in B(a,r). Given 6, c G B(a,r), the image of (T — b)/(T — c) in the 
residue field of K{x) is easily seen to be 1. It follows that the residue field 
of K(x) is F„, corresponding to the reduction of constants. It is shown in 
([5], p. 21) that K,(x) is isomorphic to the field of convergent Laurent series 

oo 

K r = {f= Yl a * Tl e C V [[T, 1/T]] : lim = 0} 

i — >oo 

l = — oo 1 

equipped with the norm ||/|| = maXj(r J |aj|,;). Two fields K ri and K T2 are 
isomorphic if and only if r 2 = |6|„ri for some b G C^; the isomorphism takes 
Y,aiT l — > J2a>ib l T' 1 . Thus, K{x) is determined up to isomorphism by its 
value group. 

If x of type IV, it corresponds to a nested sequence of discs {B(ai,ri)} 
with empty intersection and limr^ = r > 0, and for any / G A one has 
[f]x = [/]s( a ,,r-i) f° r sufficiently large i. Hence the value group of K{x) 
coincides with the value group of C^. For each linear polynomial T — a, 
if % is large enough that a (ji B{a i: r i ) ) then [(T — a) /(a — di)} x < 1, so 
I — {T — a) / (a — a-i) specializes to 1 in the residue field of K{x). Since 

T — a = fttj — a) • (1 ) , 

a — dj 

the residue field of /C(x) coincides with F„, the reduction of the field of 
constants C„. This means K.(x) is an immediate extension of C„, a complete 
valued field containing C„, having the same value group and residue field as 
C v . Tautologically, this field contains an element a (the image of T in the 
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completion of C„(T) under [-] x ) which satisfies |aj — a\ v = r\ for each %, and 
hence belongs to the intersection of the discs B(a,i,ri) in K(x). 

For our purposes, it will not be necessary to deal with the 'exotic' fields 
K,(x) for points of types II, III, or IV. We will mainly be interested in the 
value of [f] x , which is the generic value of at type I points near x. 

In gluing Berkovich spaces, one faces a problem analogous to constructing 
open manifolds in a category where the basic objects are closed manifolds 
with boundary. Eliminating the effects of the boundary requires care. For 
example, consider the Berkovich disc X = B(0, 1) and its open subset U = 
B(0, The affinoid algebra C^jjT}} = T(X,Ox) is very different from 
the ring T(U, Ox) described in (2.5): the first is a Banach algebra; the second 
is not. We will give the general definitions for gluing Berkovich spaces, then 
construct the Berkovich projective line. 

A morphism of affinoid Berkovich domains ip : (Xi, OxJ — > (X 2 , Ox 2 ) is 
a morphism of locally ringed spaces induced by a bounded homomorphism 
<f* : Ax 2 — ¥ Ax-i between the Tate algebras Ax 2 = F(X 2 , Ox 2 ) an d Ax 1 = 

r(x 1 ,o Xl ). 

A quasi-affinoid Berkovich domain (U, Oy) is an open subset U of an affi- 
noid Berkovich domain X, equipped with the structure sheaf Oy = Ox\u- 
A morphism of quasi-affinoid Berkovich domains ip : (Ui, Oy x ) — > (U 2 , Ojj 2 ) 
is a morphism of locally ringed spaces such that on each pair of affinoid 
Berkovich subdomains V\ d U\, V 2 C. U 2 with (p(Vi) C V 2 , the induced 
morphism of affinoid algebras </?* : Ay 2 — * Ay 1 is bounded. This condition is 
automatically satisfied if tp is induced by a morphism of affinoid Berkovich 
domains ip : (Xi, Ox x ) — > (X 2 , Ox 2 ), where U\ is an open subset of X ± , and 
U 2 is an open subset of X 2 . 

A Berkovich analytic space is a locally ringed space (X,Ox) such that 
each x G X has a neighborhood isomorphic to a quasi-affinoid Berkovich 
domain. More precisely, a locally ringed space (X, Ox) is a Berkovich ana- 
lytic space if there is an open covering {Ui} of X such that 

1) for each % there is an isomorphism <pi of (Ui, Ox\u t ) with a quasi-affinoid 
Berkovich domain {U^O^ (a chart); 

2) the charts are compatible in the following sense. For each pair 
with UiHUj ^ 0, if Uij = (p^UidUj) C Ui and Uji = DC/,-) C Uj, then 
(Uij, Ofj.lfj ) and (UjijOfj lfj ) are quasi-affinoid Berkovich subdomains of 
(Ui, Ofj.), (Uj, Ojj ) respectively, and the morphism ip^ = ipj o ip^ 1 between 
them is an isomorphism of quasi-affinoid Berkovich domains. 
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Such collection of charts is called an atlas. There is a obvious notion of 
compatibility of atlases. An equivalence class of atlases defines an analytic 
structure. 

Conversely, given a collection of quasi-affinoid Berkovich domains (C/j, Oy ) 
with distinguished quasi-affinoid subdomains (Uij, Ofj]^..) and isomorphisms 
<fij '■ (Uij,Ofj.\u ) — > (Uji, Ofj \ fj ) satisfying evident compatibility condi- 
tions, one can glue the (Ui, O^ ) to make a Berkovich analytic space (X, Ox)- 

A morphism of Berkovich analytic spaces is a morphism of locally ringed 
spaces ip : (X^OxJ — > (X 2 ,Ox 2 ), such that for each x £ X\ there are 
affinoid (closed) neighborhoods U of x and V of ip(x) such that f(U) C V 
and </?|;7 : U — * V is a morphism of affinoid Berkovich domains. 

We will now construct the Berkovich affine line and projective line. 

There are two constructions for the Berkovich affine line. The first views 
Ag crk as a union of discs. Given r in the value group of C* , let Q,{{r _1 T}} = 
{J2ckT k G C„[[T]] : Hindoo r fc |c fc |<,} be the ring of power series converging 
on 5(0, r). The Berkovich disc of radius r is 13(0, r) = M. (C 1) {{r _1 T}}). If 
T\ < r 2 , then B(0,r\) is an affinoid subdomain of £>(0,r 2 ), and 13(0, r\)~ is 
a quasi-affinoid subdomain of B(0,r 2 )~. Put 

ALk = U r>0 £(0,rr 

and give Ag erk the structure sheaf Ox defined in (2.3). As a topological 
space, Ag crk is also given by U r>0 £>(0,r). Each 13(0, r) can be identified 
with the set of equivalence classes of sequences of nested discs contained in 
5(0, r), giving it a tree structure like that of 13(0, 1). These tree structures 
combine to give a tree structure for Ag crk . 

The second construction is global: it defines Ag crk = Ai(C v [T}), the func- 
tional analytic spectrum of the polynomial ring C„[T]. The same argument 
which identifies points of 13(0, r) with equivalence classes of sequences of 
nested discs {B(a,i,ri)} in B(0,r) shows that Ai(C v [T]) can be identified 
with equivalence classes of arbitrary sequences of nested discs {£>(aj,Tj)}. 
Thus the local and global constructions lead to the same space. 

The most direct construction of the Berkovich projective line is to glue 
two open discs 8(0, r)~ with r > 1. Formally, this is done as follows. If r = 
> 1, then the closed annulus Ann(r, l/r) = {x e 3(0, r) : [T] x > 1/r} 
is the affinoid Berkovich domain A4(A r ,i/ r ) where 

Ar,i/r = C t ,{{T ,T 1 }}[X](X-6T ,6XT 1 -l) . 

This ring has an involution if interchanging X and 1/X. The corresponding 
involution <p : Ann(r, l/r) — > Ann(r, l/r) takes the open annulus 

Ann(r, l/r)~ = {x e Ann(r, l/r) : l/r < [X] x < r} 
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to itself. At the level of discs, <p takes each punctured disc B(0, t)\B(0, t)~ 
to the punctured disc B(0, l/t)\B(0, l/t)~, and takes each disc B(a,t) C 
A(r, 1/r) with ^ B(a,t) to B(l/a,t/\a\l). At the level of points, it takes 

[•]b(o,*) to [-]B(o,i/t)' and [']B(o,t) to [•]B(i/o,t/|o|3)- To construct P^ crk , glue two 
copies of £>(0,r)~ along the quasi-afhnoid subdomain Ann(r, l/r)~, using 
</5 : Ann(r, l/r) _ — > Ann(r, 1/r) - as the gluing isomorphism. 

It is easy to see that different choices of r lead to isomorphic copies of 
Pg crk . It follows that Ag crk = U r >o£>(0,r)~ is an open analytic subspace 
of F^crio whose complement consists of a single point oo. One can also 
construct PB cr k by gluing two copies of A Berk . 

Each rational map h G C„(T) induces a morphism of Berkovich analytic 
spaces h : P^rk — > ^Bcrk- At the level of points, it is defined by 

[f]h(x) = [foh] x 

for / G C V (T). 

If one is only concerned with the underlying topological space, P^rk can 
be obtained by gluing two copies of the closed disc 13(0, 1) along the annulus 
Ann(l, 1) = -8(0, 1)\S(0, 1)~, using the gluing morphism X <-> 1/X. This 
preserves path distances in the tree underlying Ann(l,l), since it takes 
each disc B(a,t) C Ann(l, 1) to B(l/a,t). The resulting model of PB crk is 
relatively easy to visualize: it consists of a copy of £>(0, 1) with an additional 
branch (containing the point oo) leading off 'vertically' from the root point 
[•]b(o,i)- We will call this model, with its natural path length structure, the 
small model of PB crk . In it, each point has distance at most 1 from the root 
[•]b(o,i)- 

There is another model for P^rk which will be more useful to us. It is 
obtained from the small model by reparametrizing the edges in such a way 
that if B(a, r\) C B(a, r 2 ), then the edge from [-^(a.n) to [•]B( a ,r 2 ) has length 
| log^(r2) — log^(ri)], where \og v (t) is the logarithm to the base q v for which 

L.I _ „-ord„(a;) 
\^\v Hv 

Recall that the model of the Berkovich disc £>(0, 1) constructed in Sec- 
tion 1 was obtained by adjoining 'ends' to the union of all graphs of discs 
T s , where S = {B(ai, ti), . . . ,B(a n ,t n )} runs over all finite sets of discs 
contained in B(0, 1). A similar construction applies for any 13(0, r), taking 

n 

Ts = {J%r]B( ai ,n) 
i=i 

where [ti, r] B ( aut .) = {B(a,i,t) : U < t < r} is a 'line of discs'. Under 
this parametrization, the edge between B(a,r\) and B(a,r 2 ) has length 
|r*i — r 2 |. However, we can logarithmically reparametrize each line of discs 
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[ri,r 2 ]B( a , ri ), putting 

(log(ri),log(r 2 ))B(a,ri) = {B ■ log„(ri) < * < log„(r 2 )} 

and giving it length | \og v (r 2 ) — log„(ri)|. Carrying out this reparametriza- 
tion for each B(0,r), we obtain a new 'path distance' p(x,y) between each 
pair of points in Ag crk . Any two points of type II, III, IV are at finite dis- 
tance from each other, while points of type I are at infinite distance from 
each other and from the points of type II, III, IV. Extend p(x, y) to P^rk by 
setting p(x, oo) = p(oo,x) = oo for each x G AB crk . We will call the model 
of Pfierk obtained in this way big model. 

Note that the big and small models of P^rk have the same underlying 
point set, and the same topology. Only our way of visualizing the distance 
structure on the edges has changed. 

The path distance in the big model is canonical, in the following sense. 

Proposition 2.1. The path distance p(x,y) on f^ crk is independent of the 
choice of homogeneous coordinates on P 1 /^. 

Proof: Let h(z) = (az + b)/(cz + d) G C v (z) be a linear fractional 
transformation. It induces a continuous automorphism h of of PB erk . We 
claim that p(h(x),h(y)) = p(x,y) for all x, y. 

Since points of type II are dense on the edges, it suffices to show that 
p(x, y) is preserved for such points. By the remarks earlier in this section, 
if x corresponds to a disc B(a, r), then h(x) corresponds to a disc B(b, R) if 
there is a punctured subdisc B(b,R)\ \J^ =1 B(bi,R)~ which is the image of 
a punctured B(a, r)\ U™ 1 B(ai, r)~ for an appropriate choice of ai, . . . , a m . 
It also suffices to show that the distance is preserved when x, y correspond 
to discs B(p,ri) C B(p, r 2 ), since h preserves 'betweenness' in the path 
structure on PB crk . 

An arbitrary linear fractional transformation can be written as a compo- 
sition of affine maps and inversions. Hence it suffices to show that the path 
distance is preserved by these types of maps. 

First suppose h(z) = az + b is affine. The image of B(p,r) under h(z) is 
B(ap + b, \a\ v r). If x,y e P^rk correspond to B(p,r{) C B(p,r 2 ), it follows 
that 

p(h(x),h(y)) = |log„(H„ri) - log v (\a\ v r 2 )\ 

= |log„(ri) -log„(r 2 )| = p(x,y) . 

Next suppose h(z) = 1/z. Let x G P^crk correspond to a disc B(p,r). If 
B(p,r) does not contain 0, then h(B(p,r)) = B(l/p,r/\p\l). If B(p,r) does 
contain 0, put 5(0, r) = B(0,r)\B(0,r)-; then h(B(0,r)) = B{0,l/r). In 
either case, this determines h(x). Now let x, y G P^erk correspond to discs 
B(p, ri )CB(p,r 2 ). 
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If neither disc contains 0, then 5(l/p, r\/\p\l) C 5(l/p, r 2 /|p|^) and so 

p(h(x),h(y)) = | log„(ri/|p|^) - log„(r 2 /|p|^)| 

= |log„( r i) -log„(r 2 )| = p(x,y) . 

If both B(p,r\) and B(p, r 2 ) contain 0, then 5(0, l/r 2 ) C 5(0, 1/ti), so 

p(h(x),h(y)) = |log„(l/ri) -log„(l/r 2 )| 

= |log„(ri) -log^(r 2 )| = p(x,y) . 

Finally, if 5(p, r 2 ) contains but B(p,r\) does not, let z G P^rk correspond 
to 5(p, Then B(p,r 1 ) C 5(p, C 5(p,r 2 ), so = + 

p(z,y). Since 5(p, = 5(0, and B(p,r 2 ) = -8(0, r 2 ), and since the 
smallest disc containing B(l/p, ri/\p\ 2 ) and 5(0, l/r 2 ) is 5(0, \/\p\ v ), 

p(h(x),h(y)) = | lo gt ,(n/b|2) - log w (l/b| w )| + |log,(l/|pW -log w (l/r 2 )| w 

= I log^(bU) - log w (ri)| + I log„(r 2 ) - log„(|p|„)| 

= p(x,y) ■ 

□ 

3. The Hsia kernel. 

In this section we introduce the Hsia kernel, the basic kernel for potential 
theory on Ag crk . It was initially defined in (Hsia, [15]) as a kernel on trees 
of discs. We will relate it to other objects in potential theory: the potential 
kernel j z (x,y) on graphs, the spherical f-adic metric \\x, y\\ v on P 1 (C t) ), and 
the canonical distance [x, y]^. 

3.1. Definition of the Hsia kernel. If x G Ag crk corresponds to a se- 
quence of nested discs {B(ai,ri)}, we call r = limj^ooTj the radius of x, 
and write r = radius(rr). Note that the radius depends on the choice of 
coordinates on A 1 . 

The Hsia kernel 5(x, y)^ is defined for x, y G Ag crk as follows. If x corre- 
sponds to a sequence of nested discs {5(aj,rj)} and y to {B{bi, Sj)}, then 

8( x ,y)oo = hm max(rj,Sj, |aj - bi\ v ) . (3.1) 

i—>oo 

Clearly the Hsia kernel is symmetric, and 5(x, x)^ = radius(x) for each 
x. If x,y G A 1 (C ?) ) are points of type I, then 5(x, y)^ — \x — y\ v . If 
x, y G AB erk are points of types I, II or III, with x corresponding to 5(a, r) 
and y corresponding to 5(6, s), then 5(x, y)^ = max(r, s, \a — b\ v ). 

The Hsia kernel has the following geometric interpretation. Consider the 
paths from i to oo and y to oo, and let w be the point where they first 
meet. Then 

5(x, y)oo = 6(10,10)00 = radius(w) . 
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To see this, note that if x lies on the path from y to oo then w = x and 
S(x, y)oo = limj^ooTj = radius(a;). Similarly if y lies on the path from x 
to oo, then w = y and 5(x, y)^ = radius(y). Otherwise, w ^ x,y, so 
there there are disjoint discs B(a,i, r^) and B(bi, Sj) in the sequences defining 
x, y. Then |aj — bi\ v = \aj — bj\ v > max(rj,Sj) for all j > i, and the 
point w where the paths from x and y to oo meet corresponds to the disc 
B(a.i, \a,i — bi\ v ) = B(bi, |aj — bi\ v ), whose radius is |oj — h\ v . 

Recall that a real-valued function f(x,y) is upper semicontinuous if for 
each x ,y 

limsup f(x,y) < f(x ,y ) . 

(x,j/)-»(x ,j/o) 

This is equivalent to requiring that 00,6)) be open for each 6 G 1. 

We will say that f(x,y) is strongly upper semicontinuous if for each xo,yo 

limsup f(x,y) = f(x ,y ) . 
(x,y)->(x ,j/o) 

Proposition 3.1. 

A) T/ie i/sm kernel is nonnegative, symmetric, and continuous in each 
variable separately. As a function of two variables, it is strongly upper 
semicontinuous. It is continuous off' the diagonal, and continuous at (xq,Xq) 
for each point x of type I, but is discontinuous at (x ,x ) for each point of 
type II, III, or IV. 

B) The Hsia kernel is the unique extension of \x — y\ v to Ag crk such that 

S(x,y) 00 = limsup |o — b\ v (3.2) 

(a,b)->(x,y) 

for each x, y G Ag crk . 

C) For all x,y,z G Ag erk 

5(a;,y)oo < max(5(x, z)^, 5(y,z) 00 ) 

with equality ifS(x,z) (X 7^ 5{y,z) 00 . 

D) For each a G Ag crk7 r £ R, the 'open disc' B(a, r)^ := {x G Ag erk : 
S(x, a)oo < r} is open. It is empty if r < radius(a), and coincides with an 
open disc B(b,r)~ for some b G A 1 (C 1) ) if r > radius(a). 

For each a G AB crk; r G R, the 'closed disc' B(a,r) oc := {x G Ag erk : 
S(x, a)oo < r} is closed. It is empty if r < radius(a), and coincides with a 
closed disc B(b,r) for some b G A 1 (C t) ) if r > radius(a) or if r = radius(a) 
and a is of type II or III. If r — radius(a) and a is of type I or IV, then 
B{a,r) 00 = {a}. 



Proof: 



BERKOVICH LINE 



25 



(A) Consider 5{x,y) oa as a function of two variables. We first show it is 
continuous off the diagonal. 

Take Xo,yo G Ag erk with xq ^ yo- If there are disjoint open discs with 
x G £>(a, r)~ and y G B(b,s)~, then \a — b\ v > max(r, s), so for each 
x G B(a, r)~, y G B(b, s)~, 

5{x,y)oo = \a-b\ v = 5(x ,y )oo, 

and 8(x,y) 00 is continuous at (xo,yo)- 

Otherwise, either each open disc £>(a,r)~ containing xo contains yo, or 
each open disc B(b, s)~ containing y contains x . Suppose the former holds. 
Then x must be is a point of type II or III corresponding to a disc B(a, r) 
with yo G B(a,r). After relabeling the center, we can assume that yo G 
B(a,r)~, and that y G B(a,s)~ for some s < r. Take < e < r — s. 
Then U := B(a,r + e)~\B(a,r — e) and V := B(a,s)~ are disjoint open 
neighborhoods of x , yo respectively. Given x G U, put r\ = inf{t : x G 
£>(a, t)}. Then r — e < r\ < r + e, and the geometric description of the Hsia 
kernel implies that 5{x,y) oa = T\ for each y G V, so 

|<Hz,y)oo - ^o,yo)oo| = |ri-r| < e. 

Thus, again 5(x,y) oc is continuous at (x ,t/o)- 

Now consider points on the diagonal. Suppose x G Ag crk has radius r. 
For each e > 0, there is an open disc B(a,r + s) - containing xq, and the 
geometric description of the Hsia kernel shows that 5(x, y)^ < r + e for each 
x,y G B(a,r + e)~. If r = 0, this implies y)oo is continuous at (xo,xo). 

If r > 0, then S(x, y)oo is not continuous at (xo,xq), since every neighbor- 
hood of (xo,x ) contains points (a, a) with a of type I, and for such points 
6 (a, a)oo = 0, while S(xo,x )oo = r - On the other hand, the discussion in 
the previous paragraph shows that 

limsup 5(x,y) OQ = r = 5(xo,^o)oc • (3.3) 

(x,y)~*(x {) ,xo) 

Thus S(x, y)oo is stongly upper semicontinuous as a function of two variables. 

Now fix x, and consider 5(x,y)oo as a function of y. By what has been 
shown above, 8(x,y) 00 is continuous for i/ / x. For continuity at x, put 
r = radius(a;) and consider a neighborhood B(a,r + e)~ of x as discussed 
above. For each y G B(a,r + e)~, the paths from x and y to oo meet at a 
point w G £>(a, r + e)~, so 

r = radius(:r) = S(x,x)oo < 8{x,y) 00 = radius(w) < r + e . 

Thus \5(x,y)oo - 5(x,x)oo\ < e. 

(B) Note that each neighborhood B(a,r + e)~ of x contains type I points 
a 7^ b with r < |a — b\ v < r + e, so (3.3) remains true even if the limsup 
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is restricted to x,y G A 1 ((□„). The characterization of 5(x,y) oc follows from 
this, together with continuity off the diagonal. 

(C) For discs B(a,r), B(b, s) it is easy to see that 

max(r, s, \a — b\ v ) = sup (\p ~ q\v) ■ 

pe.B(a,r), q€B(b,s) 

The ultrametric inequality for S(x,y) follows from this, (3.1), and the clas- 
sical ultrametric inequality. 

(D) Given a G AB crk and r G K, consider the 'open disc' B(a,r)^ := {x G 
Ag crk : 5(^,0)00 < r}. If r < radius(a), it is clearly empty. If r > radius(a) 
it contains a, and is open by the upper semi continuity of 5(x, a)^. Each 
nonempty open set contains points of type I. If b G B(a,r)~ n A 1 (C 1) ), the 
ultametric inequality for 5{x,y) OQ shows that B(a,r)^ = B(b,r)~. 

Likewise, consider the 'closed disc' B(a,r) QO := {x G Ag crk : 5(x ) a) 00 < 
r}. If r < radius(a), it is empty. If r = radius(a) and a is of type I or IV it is 
easy to see that B(a, r)^ = {a}. If r > radius(a) then it contains B(a, r)^ 
and hence contains points b of type I; this also holds if r = radius(a) and 
a is of type II or III. In either case the ultametric inequality for 5(x, y)^ 
shows that B(a,r) OQ = B(b,r), and in particular that Bi^a^r)^ is closed. □ 

The function-theoretic meaning of the Hsia Kernel is as follows: 

Corollary 3.2. For each a G C v , the function T — a G C„(T) satisfies 

[T - a] x = S(x, a)oo . 

Proof: By Proposition 3.1 (B), if x G Ag crk corresponds to the nested 
sequence of discs {S(aj,rj)} then 

[T - a} x = lim \\T - a\\ B r a r ) = limsup \b - a\ v = 5(x,a)oo. 

i->-oo b _> x 

beC v 

□ 

The Hsia kernel 8(x ) y) oa has a pole at 00. We now set out to generalize 
it to a kernel 5(x,y)^ with a pole at an arbitrary point ( G P^rk- To do so 
we will need some facts from the theory of metrized graphs. 

3.2. Metrized Graphs. A metrized graph T is a finite, connected graph 
with a distinguished parametrization of each of its edges. The natural path- 
length function defines a metric on T, making it a compact metric space. 
By a vertex set for T we mean a finite set of points S such that T\S is a 
union of open intervals whose closures have distinct endpoints. A vertex set 
necessarily contains all endpoints and branch points of T. If T has loops, it 
also contains at least one interior point from each loop. 

We will primarily be interested in metrized graphs which are subsets of 
the big model of ffBerk> w hh the induced path length p(x,y). 
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For each p e T, there are a finite number of edges ej emanating from p. 
For each such edge, let ji(t) be the arclength parametrization of e$ with 
7i(0) = P- ^ will be useful to introduce a formal 'unit vector Vi emanating 
from p in the direction of ej', and write p + for ji(t). Given / : T — > R, 
let 

d*(/)(p) = lim feglll 

be the one-sided 'directional derivative' of / at p along ej, provided the limit 
exists. 

Let CPA(r) be the space of continuous, piecewise-affine, real-valued func- 
tions on T. (By a piecewise affine function /, we mean that there is a vertex 
set Sf for T such that / is affine on each edge in T\Sf, with respect to 
an arclength parametrization of that edge.) If / G CPA(r), clearly the 
directional derivatives d${p) are defined for all p and all v at p. 

Chinburg and Rumely ([9]) introduced a Laplacian on CPA(r). It is a 
map from CPA(r) to the space of discrete, signed measures on V. We will 
take the Laplacian to be the negative of theirs, and put 

= £(- E *Kp)H(*) 

psr u at p 

where 5 p (x) is the Dirac measure at p. By abuse of notation, we will write 
A(/)(p) for A(/)({p}) = — J2v at p ^(p) ■ Here are some elementary proper- 
ties of A, which show it behaves as a Laplacian should. 

Proposition 3.3. Let f,g e CPA(r). Then 

A) A(/) = if and only if f — C for some constant C . 

B) A(/) = A(g) if and only if f = g + C for some constant C . 

C) If f is nonconstant, then f(x) achieves its maximum at a point p 
where A(/)(p) > 0, and its minimum at a point q where A(f)(q) < . 

D) f r f(z)A(g)(x) = f r g(x)A(f)(z). 

E) The total mass A(f)(T) = 0. 

Proof: 

For (A), if / = C, clearly A(/) = 0. Conversely, suppose A(/) = 0. Put 
M = maxj.gr f(x), and let G = {x e T : f(x) = M}. Since / is continuous, 
G is closed. To see that G is also open, note that if p E G, then d#f(p) < 
for each v at p, since M is the maximum value of /. Since / is piecewise 
affine, if / were not locally constant at p then d#(f)(p) < for some v, 
and so A(/)(p) > contrary to our assumption. Thus, G is both open and 
closed, and since T is connected, G = T. 

Trivially (A) implies (B). 
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For (C), suppose / is nonconstant, and let M and G be as in (A). If 
p E dG, then the argument above shows that A(/)(p) > 0. Similarly, / 
achieves its minimum at a point where A(f)(q) < 0. 

For (D), let S be a vertex set for T such that / and g are both affine on 
each edge of T\S. Given an edge e$ of T\S, fix an orientation of it, and 
let 7j : [0, Li] — > e, be an arclength parametrization. By abuse of notation, 
write /(#) = fi'jiix)) and g(a;) = g(7i(a;)) on e*. Integration by parts shows 
that 



3.3. The potential kernel on a metrized graph. There is a potential 
kernel j z (x,y) on T which inverts the Laplacian. It is defined by the prop- 
erties that for each fixed y, z, 



Its uniqueness follows from Proposition 3.3 (B). Its existence can be shown 
using circuit theory (see [9]), or using linear algebra (see [33] or [1]). When 
T is a tree, its existence is trivial: given x,y,z G T, let w be the point 
where the path from x to z and the path from y to z first meet, and put 
j z (x, y) = p(z, w), the path length from z to w. Then along the path from z 
to y, j z (x,y) = p(z,x); on branches off that path, j z (x,y) is constant. One 
easily checks that the function thus defined satisfies the equations (3.4). 

The potential kernel has the following physical interpretation. View T as 
an electric circuit with terminals at y and z, and with the resistance of each 
edge given by its length. Then j z (x,y) is the voltage at x when current 1 
enters at y and exits at z, with reference voltage at z. By its construction, 
j z (x,y) belongs to CPA(r), and its slope along any edge of T has absolute 
value at most 1. 

Proposition 3.4. 

A) j z (x,y) is non-negative, bounded, symmetric in x and y, and jointly 
continuous in x, y, z. 

B) If f e CPA(r) satisfies A(/) = Y%=i c %& Vi (%) then there is a constant 
such that 



[ f(x)A(g)(x) / f\x)g\x)dx= f g(x)A(f)(x) 



Part (E) follows from (D), taking g(x) = 1. 



□ 




(3.4) 



n 



f( x ) = ^2cijz(x,Pi) + C . 



1=1 



C) For each z, ( e T, 



jd x >y) = jz(x,y)-j z (x,c)-jz(C,y)+jz(C,0- 



(3.5) 
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Proof: 

(A) The non-negativity of j z (x, y) follows from its defining properties (3.4) 
and Proposition 3.3 (C). 

For symmetry, fix a, b, z and apply Proposition 3.3 (D) to f(x) = j z (x, b) 
and g(x) = j z (x,a). Then A(/) = S b (x) - S z (x) and A(g) = 5 a (x) - S z (x). 
Since f(z) = g(z) = 0, 

j z (a,b) = J r f(x)A(g)(x) = J^g(x)A(f)(x) = j z (b,a) . 

Clearly j z (x,y) is continuous in x for each fixed y, z, with \j z (x, y) — 
jz{p, y)\ < p{x,p) since the absolute value of the slope of j z (x, y) along each 
edge is at most 1. From this, one deduces that it is jointly continuous in 
x, y for each fixed z, and indeed that for given p, q 

\jz(x,y) - j z (p,q)\ < \j z (x,q) - j(p,q)\ + \j z (x,q) - j z (x,y)\ 

< p(x,p) + p(y,q) (3.6) 
using the symmetry shown above. Finally, for any fixed zq, we claim that 
jz{x, y) = j Zo {x, y) - j Z0 (x, z) - j Z0 (z, y) + j Zo (z, z) . (3.7) 

The joint continuity of j z (x,y) in x, y, and z follows from this and (3.6). 
Its boundedness follows from continuity and the compactness of T. 
To prove (3.7), note that for fixed y, z 

A x (j z (x,y)) = 5 y (x)-5 z (x) = A x (j zo (x, y) - j zo (x, z)) , 

so by Proposition 3.3 (B) there is a constant C y ^ z such that j z (x,y) = 
j zo (x,y) - j zo (x,y) + C V:Z . Taking x = z shows C VjZ = j z (z ,y). Similarly, 
applying A y to j z (zo,y) and —j ZQ (z,y) (and using symmetry), one finds 
there is a constant C z such that j z (zo,y) = —j Zo (z,y) + C z . Taking y = z 
shows C z = j Zo (z,z). Combining these gives (3.7). This also proves (C). 

For part (B), first note that if A(/) = £" =1 CiS Pi (x) then £™ =1 a = by 
Proposition 3.3 (E). Using this, one sees that 

n n 

A{Y, C ijz {x,Pi)) = H C ^( X )> 
i=l i=l 

and the result follows from Proposition 3.3 (B). □ 

By a subgraph T of PB cr k we wm mean a connected closed subgraph with 
a finite number of vertices and edges, which has finite total length under 
the logarithmic path distance p(x,y). Such a graph is necessarily a tree. 
We view T as a metrized graph, with the metric p(x,y). Since there is a 
unique path between any two points of PB cr k) there is a natural retraction 
map r r : P Berk -> T. 
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The relation between the Hsia kernel and the potential kernel j z (x,y) is 
as follows. Fix a coordinate system on P 1 , so that P^k — ^Bcrk U {oo}. 
Recall that Co denotes the "Gauss point", the point in P^erk corresponding 
to the sup norm over 5(0, 1). 

Proposition 3.5. Let z G PB erk \P 1 (C„), and let T be any subgraph of¥^ evk 
containing z. Put So = r r (oo). Then for all x,y 6 T, 

-log„(<J(a;,j/)oo) = jz(x,y) -j z (x,S>) -j z (y,So) - log„ (radius (z)) 

(3.8) 

In particular, if z = ( G P^rk ^ s the Gauss point, then radius(Co) = I, so 
-logj^y)^) = j Co (x,y) - j Co (x,Sc) - j Co (y,8o) . (3.9) 

Proof: Fix y, and set s = radius(y). The intersection of the path from y to 
oo with T is a closed segment [s, S], whose endpoints are y and 5o = rr(oo). 
Put T y = [s, S}; it is a subgraph of T. 

Consider the function f y (x) = —\og v (5(x,y) OQ ) on T. The geometric 
description of 5{x,y) O0 shows that for each x G T 

K x ,y)°o = ^(rr y (x) : y)oc ■ 

Thus, f y (x) is constant on branches off T y . For x <ET y , 

— \og v (5(x, y)oo) — — l°gu(0 where t = radius (x). 

The arclength parameter along T y is \og v (t) for s < t < S, so the restriction 
of f y (x) to has constant slope —1. Hence f y (x) G CPA(r), and 

= 5 y (x)-S~(x) . 

By (3.4), 

A x (j z (x,y) - j z (x,So)) = 5 y (x)-5~(x). 
It follows from Proposition 3.3 (B) that there is a constant C z {y) such that 
-log u (5(a;,y) 00 ) = f y (x) = j z (x,y) - j g (x,S>) - C z (y) . 

(3.10) 

Fixing x, and letting y vary, we see from (3.10) that the function h(y) = 
C z (y) belongs to CPA(r). Let A y be the Laplacian with respect to the 
variable y. Applying A y to both sides of (3.10) gives 

**(v)-<fe(v) = (6 x (y) - Uv)) - - A y (h(y)) , 

soA y (h(y)) = -(S~(y)S z (y)). By Proposition 3.3 (B), h(y) = -j Co ( y y,5o) + 
C z for some constant C z . Hence 

-log„(<J(a:,y)oo) = f y (x) = j z (x,y) -j g (x,S>) -j z (y,S>) + C Z 
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Taking x = y = z, we see that C z = —\og v (5(z,z) 00 ) = — logj,(radius(,2)). 
□ 

We will now extend j z (x, y) to all of PB cr k- 

Fix z G Pg erk \P 1 (C^), and let T vary over subgraphs of P Bcrk containing z; 
temporarily write j z (x,y)r for the potential kernel on T. Suppose Ti C IV 
Since I\ and T2 are both trees, their potential kernels are compatible: by 
the description of the potential kernel on a tree, given i,t/G r\, 

jz(x,y) Tl = p(z,w) = j z (x,y)r 2 

where w = w z (x,y) is the point where the paths from x and y to z meet. 
Thus the functions j z (x,y)r cohere to give a well-defined function j z (x,y) 
onPUW,). 

We can extend j z (x, y) to all x, y G P Ber k by setting 



jz(x,y) 



p(z,w z (x,y)) iix^y, or 
oo if x = y 



for x, y G P 1 (C W ), where as before w = w z (x, y) is the point where the paths 
from x and y to z meet. If x ^ y, and if T is any subgraph containing z and 
w, then 

jz(x,y) = j z (r r (x),r r (y))r ■ (3.11) 

By Proposition 3.5 and the continuity of 5(x, y)^ off the diagonal, for all 

x, y G A Bcrk 

-log„(<J(a;,3/)oo) = -jz(z,oo) oo) - radius(z) . 

(3.12) 

In particular, if z = Co is the Gauss point, then 

- \og v (5(x, y)oo) = j fo (x, y) - j Co (x, oo) - j Co (y, oo) . 

(3.13) 

Similarly, by Proposition 3.4 (C), for each z, C G Pg crk \P 1 (C^) 

j'cfof) = ^(^y) -jz(x,C) -jz((,y) +j z (C,C) ■ (3-14) 

Corollary 3.6. Let ^ / G Q,(T) be a rational function with divisor 

div(/) = 5Xini(ai)- 

A) Fct z G P^ erk \P 1 (C„). T/ien /or a// x G P Bcrk; 

- log^L/U = -log w ([/]z) + X!w i j z (x,a i ) . (3.15) 

i=i 
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B) Let r be a subgraph o/Pg crk7 take z G Y, and put fij = rr(aj). Then 
for all x G T, 

m 

-log„([/U = -log v ([f] z ) + '£n i j z (x,a i ) . (3.16) 

i=i 

Proof: (A) There is a B G C„ such that f(T) = B ■ n ai ^oo( T - «i) ni - B J 
Corollary 3.2, for each x G T 

-l°g,,([/U = -^og v (\B\ v )+ J2 -l°gv( S ( X i a i)oo) ■ 

Inserting formula (3.12) and using YJlLi ™i — gives 

-log„([/U = -^nilog^j^x,^)) + C 

for some constant C. Taking x = z gives C = — log v ([f] z ). 

Part (B) follows from (3.15), using (3.11). □ 

For future reference, we note one situation where (3.11) holds automati- 
cally: 

Proposition 3.7. (Retraction Formula) Let T be a subgraph ofF^ crk , and 
suppose x,z G T. Then for any y G P^rk 

jz(x,y) = j z (x,r r (y)) . 

Proof: Since x and z belong to T, so does the path from x to z. Hence 
the point w where the paths from x and y to z meet, which lies on the path 
from x to z, belongs to T. □ 

3.4. The spherical meet. Write O v for the ring of integers of CV The 
f-adic spherical metric y\\ v is the unique GL2(C\,)-invariant metric on 
P 1 (C 1) ) such that = \x — y\ v for x,y G 5(0,1). In homogeneous 

coordinates, if x = (x : Xi) and y = (y : y±), then 



x > y\\v — / 1 i i i \ / 1 i i i \ * \°- L 1 ) 
max(|x V \xx\v) max(|y |„, \y\\v) 

In affine coordinates, for x,y G A 1 (C 1) ) this becomes 

\\ x >y\\v = n rr\ ~ ttt~h; • ( 3 - 18 ) 



Thus if we identify P^C) with A^C) U {oo}, and put l/oo = 0, 

\x-y\ v if G .6(0, 1), 
= <; |l/x-l/y| ifz,y GP^^O,!), 

1 if exactly one of x,y G 5(0, 1). (3.19) 
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It is well known, and easy to check using (3.19), that the v-adic spherical 
metric satisfies the strict ultrametric inequality. 

We will now extend \\x, y\\ v to Pg erk . 

Let q v be the base of the logarithm \og v (t), and let Co G P^rk be the 
Gauss point, as before. For x, y G P 1 (C„), we claim that 

II || -3C {x,y) 

\\ x iy\\v — 

To see this, consider the various cases in (3.19). If x, y G -8(0, 1), the point 
w where the paths from x and y to Co meet is the ball B(x, r) = B(y, r) with 
r = \x — y\ v . The path distance p(( ,w) is \og v (l/r), so j^ (x, y) = — log^(r) 

and qv 3 '' X ' V = \x — y\ v = If x,y G P 1 (C t) )\-B(0, 1), a similar 

argument applies, using the local parameter 1/T at oo. Finally, if one of 
x, y belongs to £(0, 1) and the other to P 1 (C ? ,)\-B(0, 1), then the paths from 

x and y to Co meet at w — Co, so j^ (x,y) = and q v = 1 = \\x, y\\ v . 
This motivates us to extend y\\ v to P^rk by putting 

\\x,y\U = Qv koix ' y) . (3.20) 
for all x, y G P B erk- We wm ca ^ this extended function the spherical meet. 
For x G Peerk; write diam(x) = \\x, x\\ v = q v 3c,0 ^ x ' x ^ = q~ p ^°' x \ 

The spherical meet has the following geometric interpretation, which mo- 
tivates its name. Consider the paths from x and y to Co, and let w be the 
first point where they meet. Then by (3.20) 

y\\ v = \\w,w\\ v = diam(w) = q~ p ^°' w ^ . 

Note that although ||a;, y\\ v is a metric on P 1 (C t ,), the spherical meet \\x, y\\ v 
is not a metric on P Berk because x\\ v > if x is not of type I. Nonetheless, 
for each a G P 1 (C t ,), the balls 

B(a,r)o = {x e¥^ cik : \\x,a\\ v <r} , 
B(a,r) = {z G P Berk : ||z, a||„ < r} . 

are indeed open (resp. closed) in the Berkovich topology. If r > 1 then 
B(a,r)o = F\C V ). If r < 1 and a G £(0,1) then B(a,r)o = B(a,r)~, while 
if a £(0,1) then £(a,r) = {x G P Bcrk : [1/T - l/a] x < r}. Similar 
formulas hold for the closed balls. 

Proposition 3.8. 

A) The spherical meet \\x, y\\ v is nonnegative, symmetric, continuous in 
each variable separately, and bounded above by 1. As a function of two vari- 
ables, it is strongly upper semicontinuous. It is continuous off the diagonal, 
and continuous at (xo,xo) for each point xq of type I, but is discontinuous 
at (x , x Q ) for each point of type II, III, or IV. 
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Dl 



B) For all x, y G P Bcr 



k 

\x, y\\ v = limsup \\a, b\\ v . (3-21] 

(a,b)->(x,y) 



C) For a^,y,zGP Berk 

\\x,y\\ v < max(||x, z\\ v , \\y, z\\ v ) 

with equality if z\\ v ^ 

D) For each a G P Bcrk an d r e ^> ^ e 'open ball' B(a,r)a := {x G P Bcrk : 
\\x, a\\ v < r} zs open. It is empty ifr< diam(a), and coincides with an open 
ball B(b,r)~ for some b G P 1 (C, ; ) if r > diam(a). 

Likewise, the 'closed ball' £>(a,r) := {x G P Bcrk : ll^* 3 !!^ < r } ^ s closed. 
It is empty if r < \\a,a\\ v , and coincides with B(b,r) for some b G P 1 (C„) 
if r > diam(a) or if r = diam(a) and a is of type II or III. If r — diam(a) 
and a is of type I or IV, then B(a, r) = {a}. 

Proof: Similar to Proposition 3.1. □ 
The Hsia kernel and the spherical meet can be obtained from each other. 
Proposition 3.9. 

A) For xjeAU, SfayU - ^ 1,1 



\\x, oo\\ v \\y, oo\\ v 
B) For x,y G P Berk; 

i. .I = d(x,y)oo ifxy^oo 

max(l, radius(rr)) max(l, radius(y)) 

with \\x, oo\\ v = 1/ max(l, radius(x)) and ||oo,y||„ = 1/ max(l, radius(y)). 

Proof: Part (A) follows from (3.13). Part (B) follows from (3.18) using 
Proposition 3.1 (B) and Proposition 3.8 (B). □ 

3.5. The generalized Hsia kernel. Proposition 3.9 motivates us to define 
the Hsia kernel for an arbitrary point ( G P Bcrk - 

For x, y G P Bcr k\{C}) we define the generalized Hsia kernel by 

^ = dirak' (3 - 22) 

If C ^ PHQ,), this makes sense for all x, y G P Bcrk , since CHvj HCz/llu > 
diam(C) > 0, giving 8(x,()c = o~((,y)c = l/diam(C). If C e P 1 ^), we put 
S(x, C)f = S((, y)c — °°. I n this way we can regard 5(x, y)^ as being defined 
(as an extended real) for all x,y G P Berk . 
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Actually, it is better to regard the Hsia kernel as only defined up to 
scaling. By the definition of the spherical meet, 



k ( x 'V)+k ( x >0+j( (y,0 



However, for any z G Pg erk \P 1 (C„), formula (3.14) shows that there is a 
constant such that 

C c -5(x,y) c = q -M*,v)+Mx£)+j.(v,0 . (3.23) 

For each (, and each > 0, we will also call C$ • 5(x, y)c_ a Hsia kernel. 

When ( = 00, Proposition 3.9 shows that (3.22) is consistent with our ear- 
lier definition of 5(x,y) OQ . When ( = ( is the Gauss point, then \\x, Co\\v = 
\\Co,y\\v = 1, so 

s ( x ,y)c = \\ x ,y\\v ■ 

For an arbitrary ( G PB erk \P 1 (C^), Proposition 3.4 (C) shows that 

S(x,y) c = C7 C • 

where C$ = ql Co ^'^ . Thus for ( ^ P X (C„), 5(x, y)^ is a generalized spherical 
meet. 

For C, G P X (C^), the reader familiar with ([29]) will recognize (3.22) as the 
'canonical distance' [x,y]^ for x, y G P 1 (C t) ). Thus, the Hsia kernel is the 
natural extension of the canonical distance to the Berkovich line. 

For each x G P^rk? P u t diam^rr) = 5(x, x)q. The generalized Hsia kernel 
has the usual geometric interpretation: given x, y G P^rk! ^ w t> e the point 
where the paths from x and y to ( meet. Then 

5(x,y){ = 8(w,w)( = diam^(w) . 

Proposition 3.10. 

A) For each (, the generalized Hsia kernel is nonnegative, symmetric and 
continuous in each variable separately. If £ G PB crk \P 1 (Ct,) it is bounded. If 
( G P 1 (C ?) ) it is unbounded, and extends the canonical distance [x,y]^. 

As a function of two variables, it is strongly upper semicontinuous. It is 
continuous off the diagonal, and is continuous at (x ,x ) for each point x 
of type I, but is discontinuous at (x ,x ) for each point of type II, III, or 
IV. 

B) For each x, y G P^erk 

5(x, y)^ = limsup 5(a, b)^ . (3.24) 

(a,b)-*(x,y) 
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C) For all x,y,z G Peerk; 

5(x,y) c < max(5(x,z) c ,5(y,z) c ) , 

with equality if 8(x,z)^ ^ S(y,z)^. 

D) For each a G P^rk an d r eR, the 'open ball' B(a,r)^ := {x G P^erk : 
8(x,a)( < r} is open. It is empty if r < diam^a), and coincides with an 
open ball B(b,r)~ eta for some b G P 1 (C t ,) if r > diam^(a). 

Likewise, the 'closed ball' B(a,r)^ := {x G Pjjcrk : 8(x,a)^ < r} is closed. 
It is empty if r < diam^a), and coincides with B(b,r)^ for some b G P 1 (C t) ) 
ifr > diam^(a) or if r = diam^(a) and a is of type II or III. Ifr — diam^(a) 
and a is of type I or IV, then B(a, = {a}. 

Proof: Parts (A), (B), and (D) follow by arguments similar to those in the 
proof of Proposition 3.1. Part (C) follows by consideration of the geometric 
interpretation, or can be shown using Proposition 3.8 (C) by a case by case 
analysis similar to the proof of ([29], Theorem 2.5.1, p. 125). □ 

If r < diam^(a) the balls B(a,r)^ and B(a,r)^ have been described in 
Proposition 3.10 (D). If r > diam^(^) then B(a,r)^ = B(a,r)^ = P^rk- 
Suppose diam c (a) < r < diam^(C). Then the balls have the following geo- 
metric interpretation. Consider the function diam^rr) for x in the path 
from a to (. By Proposition 3.10 (A), it is continuous on that path, since 
diam^(x) = 5(x,x)^ = 8(x,a)^. By the geometric interpretation it is mono- 
tone increasing. Hence there is a unique x in the path with diam^a;) = r. 
The closed ball B(a, r){ is the set of all z G P^rk such that the path from z to 
( passes through x, and the open ball B(a,r)^ is the connected component 
of B(a,r)^\{x} which contains a. 

Finally, we note that the generalized Hsia kernel can be used to decompose 
absolute values of rational functions on f^^, just as the canonical distance 
does on P 1 ^): 

Corollary 3.11. Let ^ / G C^P 1 ) have divisor div(/) = T,^ =1 n i (a i ). For 
each ( G P^rk? there is a constant C — C(f, () such that for all x G PB crk 

ifi = c n ■ 

Proof: Similar to the proof of Corollary 3.6. □ 

4. Capacities. 

Fix ( G Peerk) an d let E C P^rk be a set not containing (. In this section 
we will develop the theory of the logarithmic capacity of E with respect to 
( (or more correctly, with respect to a choice of the Hsia kernel S(x,y)^). 
The exposition below is adapted from ([29], Chapter 4.1). 
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4.1. Logarithmic capacities. Recall that a probability measure is a non- 
negative Borel measure of total mass 1. Given a probability measure v with 
support contained in E, define the energy integral 

h( v ) = // -\og v (5(x,y) ( )dv(x)dv(y) . 

J J ExE 

Here, the integral is a Lebesgue integral. The kernel — \og v (5(x, y)^) is 
lower semicontinuous, and hence Borel measurable, since 5(x,y)^ is upper 
semicontinuous. 

Let v vary over probability measures with support contained in E, and 
define the Robin constant 

V C (E) = inf l c (u) . 
Define the logarithmic capacity 

idE) = q ; v ^ E) ■ 

By its definition, the logarithmic capacity is monotonic in E: if E\ C E 2 , 
then 7e(£i) < r )c,{E 2 ). It also follows from the definition that for each E 

7c (£) = sup lc (K) (4.1) 

if compact 

Indeed, the support of each probability measure z/ is compact, so tauto- 
logically for each v supported on E there is a compact set K C E with 
I c (iy)< lc (K)< lc (E). 

An important distinction is between sets of capacity and sets of positive 
capacity. If E contains a point a of types II, III, or IV, then j^(E) > 0, 
since the point mass S a (x) satisfies I^(5 a ) = — log(diam^(a)) < oo. Thus, 
every set of capacity is contained in P 1 (C„). The converse is not true; 
there are many sets in P 1 (C t) ) with positive capacity. 

The property that a set has capacity or positive capacity is independent 
of the point (. 

Proposition 4.1. Suppose E C Pec-rk- Then j^(E) = for some ( E if 
and only if ^(E) = for each £ e Pg crk \-E. 

Proof: By (4.1) it suffices to consider the case where E is compact. Take 
i ^ E. Since is continuous on E, there is a constant K$ > such 

that 

1/Kz < \\x,S\\ v < K 6 

for all x e E. Since 

s ( x >y)z = T\ — ^ir L E\\ ' ^ j/)c = ii — TrnrVii • 
Ik, C1UII2/, C1U IKCIWb,Clk 
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it follows that 

-^L-^5(x,y) c < 5(x,y)t < {K^) 2 8{x,y\ . 

Hence for each probability measure v on E, either I${v) = = oo, or 

Ic,(v) and I$(v) are both finite. □ 

Here are some examples of capacities. 

Example 4.1. If E C P^C) is a countable set, and C i E, then 7 f (£) = 0. 
To see this, not first that if v is a probability measure supported on E, then 
necessarily v has point masses (if u({x}) = for each x G E, then by 
countable additivity v(E) = 0, which contradicts v(E) = 1). If p € E is a 
point with v({p}) > 0, then 

I c {v) = // -\og v (5(x,y) c )dis(x)dis(y) 

J J ExE 

> -log„(5(p,p) c ) • v({p}) 2 = oo 

so V^-E) = oo. 

Example 4.2. If i£ = {a} is a point not of type I, and ( ^ a, then 

■y^(E) = diam^(a) . 

The only probability measure supported on E is the point mass v = S a (x), 
for which 

I c (v) = // -log v (6(x,y) c )dv(x)du(y) 

J J ExE 

= -^og v {S(a,a) c ) = -log„(diam c (a)) . 
Hence V^(E) = — logj,(diam^(a)) and 7^ (a) = diam^(a). 

Example 4.3. If ( = 00 and E = Z p C A 1 (C„), then 7 co ( J E) = p-VCp-i). 
More generally, if E = O v is the ring of integers of a finite extension K v /Q p 
with ramification index e and residue degree /, then 7 00 (£ l ) = (j/) -1 / 6 ^ -1 ). 

For x,y <E A 1 (C„), 5{x,y) O0 — \x — y\ v , so the capacity is given by the 
same computation as in the classical case; see ([29], Example 5.2.13, p. 347). 

4.2. The equilibrium distribution. If E is compact, and if ^(E) > 0, 
there is a probability measure p = p^ on E for which I^(p) = V^(E). In 
Section 5 of these notes, we will show it is unique; it will be called the 

equilibrium distribution, or the equilibrium measure, of E with respect to (. 
To prove its existence, we need some preliminary lemmas. 

Lemma 4.2. (Baire) Let X be a metric space, and let A C X. Let f : 
A — > R U {00} be a lower semicontinuous function which is bounded below 
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by a number m G HL Then there is a sequence of continuous functions 
fk'-X—^M. such that 

a) For each x G X, ttl < f\(x) < f 2 (x) < ■ ■ ■ 

b) For each a G A, lim^oo f k (a) = f(a). 

Proof: We adapt the proof of ([32], Theorem II. 5, p. 36). If f(a) = oo 
on A, we can take fk(x) = m + k. Hence we can assume without loss that 
f(a) ^ oo. Let d(x,y) be a metric for X. 
Define fk(x) on X by 

f k (x) = mUf(a) + k-d(a,x)) (4.2) 

Clearly m < fk(x) < oo for all x, and fk{x) < fk+i(x). 

We will now show each fk is continuous. Take x\ ^ x 2 G X, and let 
d(xi,x 2 ) = 5. By (4.2) there is an a G A such that 

f k (xi)> f(a ) + k-d(a ,x 1 )-S . (4.3) 

Again by (4.2) 

fkM < f(ao) +k-d(a ,x 2 ) . (4.4) 

Since d(a , x 2 ) < d(a , X\) + d(x±, x 2 ) = d(a , xi) + 5, 

fkM < fk(a ) + k-d(a ,x 1 ) + k5 < f k {xi) + {k + l)5. 

Similarly f k (xi) < f k (x 2 ) + (k + 1)5, so 

\fk{x x ) - fk{x 2 )\ < (k + l)d(x 1 ,x 2 ) ■ 

Thus, fk(x) is continuous on X. 

Next we will show that linn^oo fk(a ) = f(a ) for each a G A. By (4.2) 

fk(ao) = va£(f(a) + k-d(a,a )) < f(a ) + kd(a ,a ) = f(a ) . 

First suppose /(ao) < oo. By lower semicontinuity, for each e > there is 
a p > such that 

f(a) > f(a )—e, if a G A, d(a,a ) < p . (4.5) 

On the other hand, if a G A and d(a, a ) > p then 

f (a) + k • d(a, ao) > m + kp (4.6) 

/From (4.5), (4.6) it follows that for sufficiently large k, f(a) + kd(a,a ) > 
/(ao) — s for all a G A, and hence /fc(a ) > /(a ) — e. 

Next suppose /(ao) = oo. Take M arbitrarily large. By lower semiconti- 
nuity, there is a p > such that 

/(a) > M if a E A, d(a, a ) < p . (4.7) 

If a G A and d(a, a ) > p then (4.6) holds, so for sufficiently large k, 
f(a) + kd(a, a ) > M for all a G A, and hence fk(a ) > M. □ 
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Lemma 4.3. Let E be a compact Hausdorff space, and suppose ui, z/ 2 , . . . 
are probability measures on E which converge weakly to a measure fx. Then 
ui x ui, v 2 x i>2, . . . converges weakly to fx x fx on E x E. 

Proof: We fill in the details of the argument given in ([17], p. 283). Since 
E is a compact Hausdorff space, the Stone- Weierstrass theorem asserts that 
linear combinations of functions of the form f(x)g(y), with f,g G C(E), are 
dense in C(E x E) under the sup norm || • \\exe- For such products, 

lim // f(x)g(y)dv n (x)dv n (y) = / f(x)dfx{x)-j g(y)d/x(y) 

n^oo J J ExE J E J E 

f(x)g(y) dfi{x)dfi{y) 



JL 



ExE 

so the same holds for their linear combinations. 

Now let F(x,y) G C(E x E) be arbitrary. Given e > 0, take f(x,y) = 
T,iCifi(x)gi(y) so that h(x,y) = F(x,y) - f(x,y) satisfies ||/i||£x£ < e. For 
any probability measure v on E, clearly 



// 



h(x,y)du(x)du(y)\ < \\h\\ ExE 

ExE 



Let N be large enough that 

\ f(x,y)dv n (x)dv n (y) - \\ f(x,y)dfi(x)dfj,(y)\ < e 

J J ExE J J ExE 

for n > N. By a three-epsilons argument, for such n 

\ F(x,y)dv n (x)dv n (y) - F(x,y) d[i(x)d[i(y)\ < 3e . 

J J ExE J J ExE 

Since e is arbitrary, 

lim // F(x,y)du n (x)du n (y) = // F(x,y) dfj,{x)dfj,{y) . 

n^ooJJ ExE JJ ExE 

Thus, the sequence {u n x u n } converges weakly to /i x /i. □ 

We can now show the existence of the equilibrium measure. 

Proposition 4.4. Let E C PecrkVIC} be a compact set with positive ca- 
pacity. Then there is a probability measure \i supported on E such that 
I C (V) = V C (E). 

Proof: Take a sequence of probability measures v n on E for which 
lim n ^oo I({y) = V^(E). After passing to a subsequence, if necessary, we 
can assume that {^ n } converges weakly to a measure fx . Clearly fx is a 
probability measure supported on E. 

Applying Lemma 4.2 to — \og{5{x, y)^), we obtain a sequence of continu- 
ous functions fk(x, y) on (P^rk) 2 converging monotonically to — \og(5(x ) y)o) 
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on E x E. By Lemma 4.3, for each k 

// fk(x,y)d/i(x)dii(y) = lim // fk(x,y) dv n (x)dv n (y) . 

J J ExE n ^°°JJ ExE 

On the other hand fk(x, y) < — \og(5(x, y)J so for each n and k 

// fk(x,y)dv n (x)dv n (y) < // - \og(5(x, y) c ) dv n (x)dv n (y) 

J J ExE J J ExE 

and for each k 

// f k {x,y)dfji(x)dfji(y) < lim J c (z/ n ) = V C (E) . 

J J ExE n-+oo 

Using this and the monotone convergence theorem, 

= // -\og(5(x,y) c )dn(x)dn(y) 

J J ExE 

= lim // f k (x,y)dn(x)dn(y) 

k~ >oo J J ExE 

< V C (E). 

The opposite inequality is trivial, so /^(/i) = V^(E). □ 

Remark 4.1. In the classical proof over C, one considers the truncated log- 
arithm — log^(|x — y\) = min(i, — log(|x — y\) which is continuous, and 
which approaches — \og{\x — y\) pointwise as t — > oo. Here —log^\S(x,y)^) 
is lower semicontinuous, but not continuous, so it was necessary to introduce 
the functions fk(x,y). 

Let be the connected component of Pg crk \-E containing (. Write dE^ = 
dUc_ for the boundary of the part of dE in common with U. 

Proposition 4.5. Let E C PBcrk\{C} be compact with positive capacity. 
Then the equilibrium distribution ji^ is supported on dE^. 

Proof: Suppose ji^ is not supported on dE^, and fix x G supp(/i^)\dE^. 
Let : E — > be the retraction map which takes each i G £ to the 
last point in E on the path from x to (. Then is continuous. Put 

A*o = ( r c)*(/ i c)- We claim that ^(a*o) < -^c(a*c)- 

For each x,y <E E, tfx = r^x), y = r^(y), then y)^ < y)^. This is 
follows from the geometric interpretation of y)^: if w is the point where 
the paths from x to ( and y to £ meet, and W is the point where the paths 
from x to £ and y to £ meet, then W lies on the path from w to £. 

Now consider the point xo, and put x\ = r^(x ). Then diam^(xo) < 
diam^(xi). Fix r with diam^(x ) < r < diam^(xi), and put U = B(x ,r)^. 
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For each x G U, r^(x) — x±. If x, y G U, 

5(x,y)^ < r < diam^(xi) = S(x 1 ,Xi)^ 
Since xq G supp(z/), necessarily fJ>^(U) > 0. Hence 

7 C (// C ) = J -log v (8(x,y) c )dn c (x)dn< : (y) 

> J ~ log„(<J(r c (a:), r c (y)) c ) d^(x)dfx c (y) 
= J -\og v {8{z,w) c )dno(z)dno{w) = 7 c (// ) . 
This contradicts the minimality of I^(fi^), so //£ is supported on □ 
The existence of the equilibrium measure has several consequences. 

Corollary 4.6. Let E C PBcrk\{C} ^ e compact. Then for any e > 0, there 
is a closed neighborhood W of E such that 7^ (£") < j^(E) + e for each 
E' CW. 

In fact, there is such a neighborhood which is a finite union of discs 
Ufcli 6(afc, Tfe)f, where each is of type II or type III, and where r\ = 
diam^(a fc ). 

Proof: Take a cofinal sequence of closed neighborhoods {W n } of E. With- 
out loss, we can assume ( ^ W n for each n. Since W n necessarily contains 
points not of type I, 7^(W n ) > 0. Since W n is compact, it has an equilib- 
rium measure //„; thus I^(fJ> n ) = V^(W n ). After passing to a subsequence if 
necessary, we can assume the fi n (which are all supported on W\) converge 
weakly to a probability measure ji* . Since r\W n = E, clearly //* is supported 
on E. By an argument similar to the one above, 

Urn V c (W n ) = / f (//) > V C (E) . 

Since V^(W n ) < V^(E) for each n, equality must hold throughout. It follows 
that lim^oo 7^(W / n ) = J^(E), and there is an n with j^(W n ) < J^(E) + e. 
For each E' C W n) the monotonicity of the capacity shows that 7e(£") < 

To show that the neigbhorhood can be taken in the special form described, 
fix any closed neighborhood W of E with ^^(W) < ^(E) +e. Let : E — > 
cW^ be the retraction map which takes each x in E to the last point on the 
path from x to ( which belongs to W. 

Since E is contained in the interior of W, none of the points a G r^(E) 
belongs to E, and each lies on the interior of the path from some point 
x in E to (. Such a point a is necessarily of type II or III. If a = r^(x) 
and r = diam^(a), then B(a,r)^ = B(x,r)^, and x G £>(x, r)^. Since i£ is 
compact, a finite number of the discs B{x, r)^ cover E 1 . It follows that r^(E) 
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is a finite set of points {ai, . . . , a m }, each of which is of type II or III. For 
each cifc, put r k = diam^(afc), and put W = U™ =1 i3(a fc , r k )^. Clearly W is 
compact, and has E in its interior. Since W contains points of type II or 
III, 7f (W0 > 0. 

We claim that 7^(W) < ^({E) + e. To see this, let fi) be any equilibrium 
distribution for W, and put fx = r^(jio). By Proposition 4.5, fio is another 
equilibrium distribution for W. It is supported on {oi, . . . ,a m } C W, so 
V C (W) = I c (fi) > V C {W). This is equivalent to -f C {W) < 7{(W). Since 
7c(W) < 7c + £, our claim follows. □ 

In what follows we will speak of 'the' equilibrium measure of a compact 
set E of positive capacity, anticipating the uniqueness of the equilibrium 
measure. However, the arguments below would apply to any equilibrium 
measure. 

4.3. Potential functions. For each probability measure v supported on 
^Bcrk\{C}> define the potential function 

u„(z,C) = J -^g v (S(z : w) c )du(w) . 

Recall that a real- valued function f(z) is lower semi-continuous if 

liminf/(a;) > f(z) 

for each z. This is equivalent to requiring that oo)) be open, for each 

b E R. We will say that f(z) is strongly lower semi-continuous if for each z 

liminf f(x) = f(z). 

Proposition 4.7. Let u be a probability measure on PB er k7 an d t Q ke C ^ 
supp(z/). Then u v (z, () is strongly lower semi- continuous, and is continuous 
at each z supp(z/) (including (, if continuity is understood relative the 
extended reals, RU{— oo}). Moreover, for each p e F 1 (C V ), if x approaches 
p along a path [y, p] , then 

lim u„(x,() = u v (p,C) ■ 

xe[y,p) 

Proof: We will first show u u (z,() is lower semi-continuous. Lower semi- 
continuity is automatic at z — C, since for all z,w 

-\og v (5(z,w) c ) > -log„(5(C,w) c ) . 

Let K be any closed neighborhood of supp(z/) which does not contain (. 
By Lemma 4.2, there is a sequence of continuous functions {fk(z, w)} which 
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increase monotonically to — \og v (5(z, w)^) on K x K, so 
Uu(z,() = lim / f k {z,w)dv(w) . 

re— >oo J 

on K. Since K is compact, each u^{z) = J fk(z,w) du{w) is continuous on 
K. Thus, u v (z,() is an increasing limit of continuous functions, hence is 
lower semi- continuous on K. For any z 7^ (, we can choose so as to 
contain z in its interior. Thus u v (z, () is lower semi-continuous everywhere. 
Put E = supp(z/), and consider the decomposition 

r / \ 1 1 %i 1 1 11 



\z,C\\v \\w,C\\v ' 

Inserting this in the definition of u v (z, () we see that 

u u (z,() = / -log v (\\z,w\\ v )du(w)+ / \og v (\\z,(\\v)dv(w) 
Je Je 

+ / iog w (|Kcy<fc/H • 

JE 

The second integral is log^,( ||^, CIU) since the integrand does not involve w. 
The third integral is a finite constant C^, because ( ^ E, so log^(||w, £||„) is 
a bounded, continuous function of w G E. Thus 

u„(z,C) = / -log w (|k,«;y di/H+log^H^Cy + Cc ■ 

For each z ^ E, the first integral is continuous at z since is 
continuous off the diagonal and z has a closed neighborhood disjoint from E. 
The function log w (||2;, CIU) is continous as a function to the extended reals, 
since \\x, y\\ v is continuous as a function of each variable separately. Hence 
u v (z, () is continuous (and in particular, strongly lower semi-continuous) off 
supp(i/). 

Next suppose z G E. Recalling that — log^dlz, w\\ v ) = j^ (z,w), where 
Co G ^Bcrk is the Gauss point, (the point corresponding to 5(0, 1)), let t vary 
along the path from ( to z. For each w G E, j^ (t,w) increases monotoni- 
cally to j{ (z, w). By the monotone convergence theorem, J E — log„(||i, w\\ v ) du( 
increases monotonically to J E — \og v (\\z,w\\ v ) dv{w). Hence as t approaches 
z along this path, 

lim^(t,C) = u v (z,Q . 

t—>z 

Thus liminf x _> 2 u„(x, () < u u (z,()- Combined with the opposite inequality 
coming from lower semi-continuity, this gives strong lower semi-continuity. 

Finally, suppose p G P 1 (C W ). Let y G P^rk be arbitrary, and let x ap- 
proach p along the path [y,p\. (If another point y' had been chosen, [y,p] 
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and [y',p] have a terminal segment [y",p] in common). The same reasoning 
as above shows that 

lim u u (x,() = u v (p,C) ■ 

xe[y,p) 

□ 

In the classical theory, the two main facts about potential functions are 
Maria's theorem and Frostman's theorem. We will now establish their ana- 
logues for the Berkovich line. 

Theorem 4.8. (Maria) Let v be a probability measure supported on PBerk\{C} 
// there is a constant M < oo such that u u (z,() < M on supp(z/) 7 then 
u„(z,()<MforallzeF 1 BcTk \{(}. 

Proof: Put E = supp(z/) and fix z G Kcvk\( E u {C})- Since S(z,w) c 
is continuous off the diagonal, there is a point z G E such that S(z,z)^ < 
S(z,w)^ for all w G E. By the ultrametric inequality, for each w G E 

S(z,w)^ < max.(S(z,z)^,S(z,w)^) = S(z,w)^ . 

Hence 

Uv(z,() = f -log v (5(z,w) c )dv(w) 
< J -^og v (S(z : w) <: )du(w) 
= u„(z,C) < M . 

□ 

The following lemma asserts that sets of capacity are 'small' in a 
measure-theoretic sense. 

Lemma 4.9. If f C PeerkAK} i s a se t °f capacity 0, then v{f) = for any 
probability measure v supported on PBerk\{C} with I^iy) < oo. 

Proof: Recall that supp(z/) is compact. After scaling S(x : y)^ if necessary, 
we can assume that 8(x,y)^ < 1 on supp(z/). It v(f) > 0, then v(e) > for 
some compact subset e of /, and r\ := (l/z/(e)) ■ v is probability measure r\ 
on e. It follows that 

kiv) = // -^og v (S(x : y) c )du(x)du(y) 

J J exe 

< ff -log v (8(x,y) c )dv(x)dv(y) < oo . 

□ 

Corollary 4.10. Let {f n } n >i be a countable collection of Borel sets in 
FBcrk\{C} such that each f n has capacity 0. Put f = \J^ =1 f n . Then f 
has capacity 0. 
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Proof: If 7^ (/) > 0, there is a probability measure v supported on / such 
that Iciy) < oo. Since each /„ is Borel measureable, so is /, and 

E K/n) > *(/) = 1 • 
n=l 

Hence z/(/ n ) > for some n, contradicting Lemma 4.9. □ 
Recall that an F a set is a countable union of compact sets. 

Theorem 4.11. (Frostman) Let E C PB cr k\{C} ^ e a compact set of positive 
capacity. Then the equilbrium potential ue(z,() satisfies 

A) u E (z,C) < V ( (E) for allze K eik \{(}. ' 

B) Ue(z, C) = V((E) for all z G E, except possibly on an F a set f C E of 
capacity 0. 

C) ue(z,() is continuous at each point z where ue(z ,() = Vc(E). 

Proof: First, using a quadraticity argument, we will show that Ue{z, () > 
V^(E) on E except on the (possibly empty) set /. Then, we will show 
that ue(z,C) < ^c(E) on the support supp(yu) of the equilibrium measure 
H = He,- Since ue(z,() — u n( z X)i ^ follows from Maria's theorem that 
u E (z,C) < V C {E) for all z. 
Put 

/ = {zeE:u E (z,0<V c (E)} , 

f n = {zeE:u E (z,0 <V c (E)-l/n} , forn = 1, 2, 3, . . . . 

Since ue(z,Q is lower semicontinuous, each f n is closed, hence compact, so 
/ is an F a set. By Corollary 4.10, 7^(/) = if and only if 7^(/„) = for 
each n. 

Suppose 7((/ n ) > for some n; then there is a probability measure a 
supported on /„ such that I^(cr) < oo. On the other hand, since 

V((E) = JJ -\og v (5(z,w) c )dn(w)dn(z) = J u E (z, () dfi(z) , 

there is a point q G supp(//) with m.e(?, C) > V^{E). Since ue(z,() is 
lower semicontinuous, there is a neighborhood U of q on which ue(z,() > 
V^(E) — l/(2n). After shrinking U if necessary, we can assume that its 
closure U is disjoint from f n . Put e n — EC\U. By the definition of supp(/x), 
it follows that M := fJ>(U) = (J,(e n ) > 0. Define a measure U\ of total mass 
on E by 

' M ■ a on /„, 



o-i = < 



-pi on e n , 
elsewhere. 
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We claim that I({ci) is finite. Indeed 

J c (<7!) = M 2 ■ 1 1 -\og v (5(z,w) c )da(z)da(w) 

-2M ■ if -log v (S(z,w) c )da(z)dii(w) 

+ // -log v (5(z,w) ( ) dfi(z)dfx(w) . 

The first integral is finite by hypothesis. The second is finite because e n and 
U are disjoint, so — \og v (5(z, w)^) is bounded on e n x f n . The third is finite 
because /<^(//) is finite. 

For each < t < 1, the measure // t '■= A* + tai is a probability measure 
on E. By an expansion like the one above, 

J ( (/i t ) - 7 f (//) = 2t- f u E (z,()da 1 (z)+t 2 .J c (<7i) 

< 2* • ((V^(-E) - 1/n) - (F c (£) - l/(2n)) • M + 1 2 • / c (<n) 
= (-M/n) .* + / c (<ti) -t 2 . 

For sufficiently small t > 0, the right side is negative. This contradicts the 
fact that // minimizes I^u) for all probability measures v supported on E. 
It follows that 7c(/ n ) = 0, and hence that 7f(/) = 0. 

The second part requires showing that ue(z,() < Vc(E) f° r a U z e 
supp(/i). If u E (q,C) > Vc(E) f° r some g G supp(/i), take £ > such that 
u e(q, C) > ^c(-^) + £ - The l° wer semicontinuity of ue{z, () shows there is a 
neighborhood U of q on which £) > + e - Put e — U C\ E. Since 

g G supp(//), T := //(e) = /x(C7) > 0. By Lemma 4.9, //(/) = 0. Therefore, 
since ue(z,Q > ^c(-^) on -^\/) 

V f (£) = [u E (z,()dii(z)+ [ u E (z,()dfi(z) 

Je J E\e 

> T-(V < (E)+e) + (l-T)-V < (E) = V C (E)+Te 

which is obviously false. 

Thus ue(z, C) < ^c(-E') on supple)) an d Maria's theorem implies that 
u E {z,() < V C (E) for all z. 

The final assertion, that ue(z, () is continuous at each point z where 
u e( z oX) — is now trivial. By lower semicontinuity, 

liminf u E (z,() > u E (z ,() = V C (E) . 

Z— >ZQ 

On the other hand, since ue(z, () < V^(E) for all z, 

limsupM£;(z,C) < V C (E) = u E {z ,() ■ 

□ 



48 



ROBERT RUMELY AND MATTHEW BAKER 



Corollary 4.12. For any compact set E C PBcrk\{C} of positive capacity, 
and any probability measure v supported on E, 

inf u v (z,C) < V ( {E) < supu„(z,C) ■ 

zeE z( ze 

Proof: This follows immediately from the identity 

/ u u (z,()dn(z) = // -log v (5(z,w) c )diy(w)dfj 1 (z) 

JE J J ExE 

= f u E (w,C)du(w) = V C (E) . 

J E 

Here the second equality follows from Tonelli's theorem, and the third from 
Frostman's theorem and the fact that if / is the exceptional set on which 
u E (z, C) < V C (E), then /i(f) = by Lemma (4.9). □ 

We will now show that adjoining or removing a set of capacity from 
a given set F does not change its capacity. This is a consequence of a 
quantitative bound which we prove first. 

Proposition 4.13. Let {F m } m >i be a countable collection of sets contained 
in Pg erk \C, and put F = Um=i-^m- Suppose there is an R < oo such that 
°~( x ,y)t < R f or a tt x,y & F (or equivalently , that there is a disc B(a,R)^ 
containing F) . Then 

1 OO 1 



V ( (F) + log„(fi) + 1 " ^ V ( (F m ) + log„(fi) + 1 
Proof: First suppose R < 1. In this case we will show that 

1 00 1 

< EtTtVt- (4-9) 



Note that our hypothesis implies that V^(F) > — \og(R) > 0. 

If 7c (F) = 0, then 7 f (F m ) = for each to, so V C {F) = V c {F m ) = oo and 
(4.9) is trivial. Hence we can assume that ^(F) > 0. Let E C F be a 
compact set with ^(E) > 0, and let fi be its equilbrium distribution. For 
each to, put E m — En F m . Then 

oo 

£ KE) > KE) = 1 • (4.10) 

m=l 

We claim that for each to, V^(E)/V^(E m ) > fi(E m ). If fi(E m ) = there is 
nothing to prove, so suppose f/,(E m ) > 0. There are compact sets e m) \ C 
e mi2 C • • • C E m such that lim^^ /x(e m)i ) = /i(£ m ) and lim^oo V ( (e mii ) = 
V^(E m ). Without loss we can assume /i(e mii ) > for each i. Put u mti = 
(l//i(e mj j)) • n\e mi - Appling Corollary 4.12, we see that 

sup u Vm .{z,C) > Vd e m,i) ■ (4.11) 
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But also, since — \og v (5(z,w)^) > — \og v (R) > on E, for each z G e m ,i 

-±-u E (z,0 = I -]ag v (5(z,w)<)dl*W ( 4 - 12 ) 

> / -^og v (S(z : w) c )du mji (w) = u Umi (z,() 

Because /x(e m> j) > 0, Theorem 4.11 shows there exist points z G e m> j where 
w B (z,C) = V C '(E). Combining (4.11) and (4.12) gives 

V c (E)/fi(e mii ) > V c (e mii ) . 

Transposing terms and letting i — > oo shows V r ^(£')/V^(£' m ) > fi(E m ). 
By (4.10) 

1 OO 1 

< E 



But .5 can be chosen so that V$(E) is arbitrarily close to V^(F), and also 
such that as many of the V^(E m ) as we wish are arbitrarily close to V^(F m ). 
Taking a limit over such E, we obtain (4.9). 

The general case follows by scaling the Hsia kernel. Replace 8(x,y)^ by 
5'(x,y)^ = l/(q v R) ■ S(x,y)^, so 5'(x,y)^ < l/q v for all x,y G F. For each 
E C F, this changes V C {E) to V{(E) = V C (E) +\og v (R) + 1. Applying (4.9) 
to V{(F) and the V{(F m ) gives (4.8). □ 

Corollary 4.14. Let e C PBerk\{C} have capacity 0. Then for any F C 

7c (FUe) = 7f (F\e) = 7c (F) . 

Proof: By Proposition 4.13, if F and e are contained in a ball B(a,R)^ 
with R < oo, then 

1 1 1 

F C (F U e) + log(i?) + 1 " V C (F) + \og(R) + 1 + V^e) + R+1 

1 



^ c (F)+log(i?) + l ' 

giving V((F) < V^(F U e). The opposite inequality is trivial, so V£(F U 
e) = V^(F). The general case follows from this, by replacing F and e by 
F fl B(a, R)^ and e fl B(a, R)^, fixing a center a and letting i? — > oo. Since 
any compact subset of FeerkMC} is contained in B(a, r)$ for some R, 

7 C (FUe) = lim 7( ((FU e) n B{a,R) c ) 

= lim 7c (FnB(a,i?) c ) = 7c (F) . 
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For the equality j^(F\e) = 7((i ? ), apply what has been just shown to e 
and F\e, noting that (F\e) U e = F U e: 

7 C (F\e) = 7c(^Ue) = 7c (F) . 

□ 

As in the classical theory, there are two other important capacitary func- 
tions: the transfinite diameter and the Chebyshev constant. The existence 
of these quantities, and the fact that for compact sets they are equal to the 
logarithmic capacity, will be established below. 

4.4. The transfinite diameter d 00 (E) ( ^. For each n — 2, 3, 4, . . . put 

d n (E) c = ..a,,,, ,,. , (n<K^)c) i/(n( " _i)) ■ 

Note that unlike the classical case, d n (E)^ can be nonzero even if some of 
the Xi coincide; this will happen, for example, if E = {a} for a point of type 
II, III, or IV. We claim that the sequence {d n (E)^} is monotone decreasing. 
Fix n. If d n+ i(E)^ = then certainly d n (E)^ > d n+ i(E)^. Otherwise, take 
e with < e < d n+ i(E)^. There are points z±, . . . , z n+ i G E such that 

n+1 

II *(*.*;)c > K+i(£) c -^) (n+1)n . 

By the definition of d n (E)^, for each k — 1, . . . , n + 1 

(d^r*"- 1 ' > n ^^-)c- 

Taking the product over all /c, we see that 

n+1 

(d^c)^ 1 ^- 1 ) > (n^^c)"" 1 = {d n+1 {E)t-e) {n+1)n{n - 1] ■ 

Since e > is arbitrary, d n (E)^ > d n+1 {E)^. Put 

doo(-E)c = l im d„(.B) c . 

4.5. The Chebyshev Constant CH(E)^. We will define three variants 
of the Chebyshev constant. For each positive integer n and a 1 , . . . ,a n e 
Pg crk \{C} (which need not be distinct), define the 'pseudo-polynomial' 

n 

P n (x;a 1 , . . . ,a n ) = J| 5(x, Oj) c . 

i=i 



BERKOVICH LINE 



51 



Put \\P n (x;ai,. . . ,a n )\\ E = sup xeE P n (x; ai, . . . ,a n ) and let 
CH* n (E) c = inf (\\P n (x;a 1 ,...,a n )\\ E ) 1 ' n , 

01,... ,a n fc£/ 

CH a n (E) c = inf (\\P n (x;a 1 ,...,a n )\\ E ) 1 / n , 

oi,...,a„6P(C v )\{C} 

CH n (E) c = inf (\\P n (x; ai ,... ,a n )|| £ ) 1 / fl . 

ai,...,a n €Pi erk \{C} 

We will show the three numbers 

Ctf*(£) f = Jim C^(S) C , 

CH\E) C = \imCH a n (E) c , 

CH(E) C = \imCH n (E) c 

exist, and that CH*(E) C > CH a (E) c = CH(E) C . They will be called the 
restricted Chebyshev constant, the algebraic Chebyshev constant, and the 
unrestricted Chebyshev constant respectively. 

The proofs that CH*(E)^, CH a (E)^ and CH(E)^ exist are similar; we 
give the argument only for CH(E)^. Put a = inf n CH n (E). If a — oo, then 
CH(E){ = oo and there is nothing to prove. Otherwise, fix e > 0. Then 
there are an N and a± : . . . , a at G ^BerkVIC} sucn that 



sup P N (x;a!, ... ,a N ) < (a + e) 
xeE 



N 



Let {bj} = {a±, . . . , ajv, a±, . . . , ajv, . . . } be the sequence which cyclicly re- 
peats {ai, . . . , a^}. Put M = 1 and for each r = 1, ... ,iV — 1, put 
M r = ||P r (a;; ai, . . . , a,-)IU- Since M^r is finite, each M r is finite as well. 
Put M = max < r<A r M r J [a + e) r . For each n we can write n = qN + r with 
q, r G Z and < r < N. Then 

CTn(i?)c < (||P„(x; ,6„)II) 1/JV 

< (M« • M r f/ n < M l ' n • (a + e) . 
It follows that limsup n ^ 00 CH n (E)^ < a + e. Since e > is arbitrary, 
limsupCi? n (.E7) c < a = liminf CH n (E) c 

and CH(E)q = lim^oo CH n {E)^ exists. 

Clearly CH(E)* C > CH(E) C and CH(E) a ( > CH(E) C . We will now show 
that CH a (E) ( = CH(E) C . If CH(E) C = oo there is nothing to prove. 
Otherwise put a = CH(E)^ and fix e > 0. Then there are an iV and 
ai, . . . , ajv G ^Berk sucn that ||Pjv(x; ai, . . . , otv)||e < (a + £) JV - Take rj > 0. 
We claim that for each i, there is an a[ of type I such that 5(x, < 
(1 + i]) 2 5(x, aj)^ for all a; G PecrkVIC}- If a « °f tyP e I> put a i — °i- If a % is 
not of type I, let = diam^aj); then there is an of type I in the ball 
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B(a i: ri(l + 77))^. If x £ B(a i: ri(l + 77) )^ then 5(x,a' i )^ = 5(x,a i ) i by the 
ultrametric inequality. If x G £>(cij, rj(l + then again by the ultrametric 
inequality 

5(x,a' i ) c < (l + rj)ri < (1 + r])5(x,a i ) i: , 
and in either case the claim is true. It follows that 

\\P N (x;a[,... ,a' N )\\ E < \\P N (x; a u . . . , a N ) \\ E ■ (1 + r}) N 

< (a + e) N -(l + ^f . 
Since r] is arbitrary CH a N (E) c <a + e,so CH a (E) c = CH{E\. 
Theorem 4.15. For any compact set E C PecrkMC} 

lc (E) = d^E^ = CH(E) C = CH*(E) C = CH a {E\ . 

Proof: We have seen that CH a ( (E) = CH(E) C < CH*(E) C . We now show 
that 7C (£) < CH a (E) CH*(E) C < d^E), and d 00 (E) c < 7c (£). 

I. 7c (£) < CH a (E) c . 

If ^(E) = there is nothing to prove. Suppose J^(E) > 0. We will show 
that 7c (i?) < CH^(E)^ for each ra. Fix n and take £ > 0; let a±, . . . , a n G 
P 1 (C„)\{C} be points such that 

Any finite set of Type I points has capacity 0. By Corollary 4.14, replacing 
.E by £'U{ai, . . . , a n } does not change its capacity. Let v be the probability 
measure on E with a point mass 1/n at each Oj. Then for each z & E, 

n 

-log v (CH a n (E) c + e) < (l/n)J2-log v (5(z,ai)<) = M*,C) ■ 

i=i 

By Corollary 4.12 inf 2eS u u (z, () < V C (E). Thus - \og v (CH a n (E) c + e) < 
V C {E), which gives 7 f (£) < CH^{E) C + e. 

II. CiT(£) ( < doo(S) C . 

We will show that d n+ i(£')c > CH^(E)^ for each n. Since E is compact, 
the sup defining d n+ i(E)^ is achieved: there are points xi, . . . ,x n+ i G E 
such that 

If xi, . . . ,i„ are fixed, then by the definition of d n+ i(E)^, 

n 

H(z;x!, . . . ,x n ) := ]J • J| £;) f 

l<i<j<n i=l 
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achieves its maximum for z G E at z = x n+ \. But by the definition of 

zeE i=i 

Thus, 

^ + i(^ n+i)n/2 > n ^.^-(cff^cr- 

l<i<j<n 

A similar inequality holds if {x±, . . . , x n } is replaced by {x±, . . . , 

for each k — 1, . . . ,n + 1. Multiplying these inequalities together, we find 

(d n+1 (Et +1)n/2 r +i > (c^(^)c) (ri+i)n -n( n ^x^) 

k=l l<i<j<n+l 

= {CH* n {E)^ n .{ J] ^.^Oc)"" 1 

l<i<j<n+l 

= (CH* n (E) c Y n+1)n ■ (d n+1 (E) ( * l+1)n/2 ) n - 1 . 

Cancelling terms and taking roots gives d n+1 (E)^ > CH* n (E)Q. 

III. 4o(£) ( < lc {E). 

We will show that d^E)^ < ^(E) + e for each e > 0. 

Fix e. By Corollary 4.6 there is a closed neighborhood PF of E of the 
form = U™ =1 B(a,k,rk)£, where each is of type II or type III and r k = 
diam^(afc), such that 7f(W) < j^(E)+e. Let : E — > be the retraction 
map which takes each a; in i? to the last point on the path from x to £ which 
belongs to W; thus r^(E) C {a l5 . . . , a m }. Put r = min(r fc ) > 0. 

Note that if x, y G -E and r^(x) = a&, r^(y) = ag, then y)^ < 5(afc, a>e)c- 
Indeed, if k = £ then x, y G .B(afc, r fe )^ so 5(rr, y)^ < d k = 5(dk, a^. \ik ^ £ 
then <5(x, y)^ = <5(afc, since the paths from x and y to £ encounter a^, 
before they meet, so 5(x,y)^ = 5(ak,ai)^. 

Fix n. Since _E is compact, there are points x±, . . . , x n G E such that 

K(£)c) n(n - i} = n 5 ^)c 

For each a k , let be the number of points X{ for which r\{xi) = a k , and let 
v be the probability measure on W given by v = YJk=i{ m k/n)5 ak (z). Then 
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I&) > v d w )- lt follows that 

1 i 
-(l--)log„K(£)c) = ^E- 10 ^^' 1 ^) 

/ i I V ■ / ■ 

/ & - / ■ 

■y m 

= W + — J2 m k l °S v (rk))) 
n k=i 

> V c (W) + (l/n)\og v (r) . 

Letting n — > oo, we see that — log„(d 00 (-E')^) > V^(W). Equivalently, 
doo(E) c < 7 C (W) < 7 C (S) + £ as claimed. □ 



5. Harmonic functions on the Berkovich Line. 

In this section we develop a theory of harmonic functions on subdomains 
of the Berkovich line. We define a Laplacian operator and prove analogues 
of the Maximum Principle, Poisson's formula, Harnack's theorem, the Rie- 
mann Extension theorem, and the theory of Green's functions. We char- 
acterize harmonic functions as limits of logarithms of norms of rational 
functions, and show their stability under uniform limits and pullbacks by 
meromorphic functions. As a byproduct, we obtain the uniqueness of the 
equilibrium measure, asserted in Section 4. 

By a domain in Berkovich space we mean a nonempty, connected, open 

Subset Of Pgerk- 

Our idea for constructing the Laplacian on a domain in Berkovich space 
is to use the Laplacian on metrized graphs, and to take a limit over all 
metrized graphs contained in the domain. For a function / satisfying suit- 
able hypotheses, the Laplacian of the restriction of / to each subgraph of 
the domain is a measure, so it defines a functional on continuous functions 
on graph. The Laplacians on the graphs satisfy a compatibility condition 
called coherence, which will be explained below. Passing to the limit, we 
obtain a canonical functional on the space of continuous functions on the do- 
main. By the Riesz representation theorem, this corresponds to a measure; 
we define it to be the Laplacian of /. 

5.1. Continuous functions. Given a domain U C PB cr k, let U be its clo- 
sure. Our first task is to understand the space of continuous functions 
/ : U -> R. Write C(U) for this space. 

When U is a Berkovich disc, there is a direct description of C(U) using 
the definition of the Berkovich topology. 
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Proposition 5.1. Let £>(0, R) be a closed Berkovich disc. Then linear com- 
binations of the functions x — > [F] x , for polynomials F(T) G Q,[T] ; are 
dense in C(B(0,R)). 

Proof: By the definition of the Berkovich topology, sets of the form 
U f (a, b) = {xe B(0, R) : [f] x G (a, b)} for / G ^{{R^T}} give a basis for 
the open sets of B(0,R). Since £>(0, R) is compact, the Stone- Weierstrass 
theorem tells us that the set of polynomials in the functions [f] x is dense 
in C(£>(0, R)). The multiplicativity of the seminorms [-] x shows that each 
monomial [fi] 1 ^ 1 ■ • ■ [f n } x n reduces to a single term [f^ 1 ■ ■ ■ f^ n ] x . Finally, the 
Weierstrass Preparation theorem shows that for each / G C V {{R~ 1 T}} there 
is a polynomial F G C V [T] with [f] x = [F] x for all x G £>(0,r). □ 

We now seek a description of C(U) which works in general. 

As in Section 3, by a subgraph Y of P^rk we mean a connected, finitely 
branched metrized subgraph, whose metric is given by the logarithmic path 
distance p(x, y) induced from the big model, and having finite total length. 
Such a graph T is necessarily a tree. 

Lemma 5.2. Let T be a subgraph ofF^ CTk . Then 

A) Y is a closed subset o/Pg crk . 

B) The metric topology on Y coincides with the relative topology induced 
from P^ erk . 

Proof: Part (A) follows from part (B): since Y is compact in the metric 
topology, it is compact in the relative topology, hence closed. 

We will now prove part (B). Fix a system of coordinates on Peerk^ an d 
regard T as a subset of Ag crk . Thus, we can view T as a tree of discs, 
partially ordered by the function x — > radius(a;): 

m 
i=l 

where the Xj are the points of minimal radius in Y, and = radius(xj) for 
each i. 

We will first show that each x G Y has a basis of neighborhoods in the 
metric topology which are open in the relative topology. There are several 
cases to consider. 

(1) x = Xi is an endpoint of Y, and is a point of minimal radius in its 
branch. In this basis of the open neighborhoods of x given by the 
half-open segments [n, r\ + e) Xi for sufficiently small e > 0. Such a segment 
is the intersection of the disc B(xi, ri + e)~ = {z G Ag erk : 5(z,Xi) OQ < ri + e} 
with r. 

(2) x is an interior point of an edge of Y. Suppose x G [n, R] Xi , and put 
r = radius(rr). Then a basis of the open neighborhoods of x is given by the 
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open segments (r — e,r + e) Xi for sufficiently small e > 0. Such a segment 
is the intersection of the open annulus B(xi, r + e)~\B(xi, r — e) with Y. 

(3) a; is a branch point of T, but is not the point of maximal radius. In 
this case, after relabeling the branches if necessary, we can assume that 
[r\, R] X1 , . . . , [rfc, R] Xk come together at x. Put r = radius(rr). Then a basis 
of the open neighborhoods of x is given by star-shaped sets of the form 
Uf =1 (r — e, r + £) Xj for sufficiently small e > 0. Such a set is the intersection 
of the punctured disc B(x±,r + e)~\(L)!? =1 B(xi,r — e)) with T. 

(4) x is the point of maximal radius R in V . Some of the branches of 
T may come together at points below x; after relabeling the branches if 
necessary, we can assume that [ri,R] xl ,... ,[r k ,R] Xe come together at x. 
Then a basis of the open neighborhoods of x is given by star-shaped sets 
of the form uf =1 (i? — e,R] Xi for sufficiently small e > 0. Such a set is the 
intersection of F^ crk \(U £ i=1 B(xi, R — e)) with T. 

Next we will show that each subset of T which is open in the relative 
topology is also open in the metric topology. It suffices to consider the in- 
tersection of T with a basic open set of the form B(a, s)~\(\Jj = l k B(aj, Sj)). 
Using the notation introduced above, for each j — 1, . . . , k let Tj be the set 
of %i for which [ri,R] Xi fl B(cij,rj) is nonempty, and let T be the set of x iy 
not belonging to any Tj, for which [r,, R] Xi C\B(a, r)~ is nonempty. Then the 
intersection of B(a, r) _ \(U^ =1 B(%, Tj)) with V is the union of the intervals 
of discs 

k 

U(U( s ^ s k) u (Uh' s k) 

which is open in T. □ 

Now let K C Picric be an arbitrary nonempty connected closed set, 
equipped with the relative topology. Recall that a set is connected un- 
der the topology of PB cr k if an d only if it is path-connected, and there is 
unique path between any two points of P^rk- 

There is a retraction map tk '■ PrcA ~* K defined as follows. Fix a point 
ko G K. Given x G Pecrk) ^ v k(x) be the first point k in K on the path 
from x to k . Clearly r K (x) — x if x e K. To see that r K (x) is independent 
of the choice of ko when x ^ K, suppose k' G K is another point, and k' 
is the first point in K on the path from x to k' . If k! ^ k, then since K is 
connected there is a path from k' to /c contained in K . There is another path 
from k! to k gotten by concatenating the path from k! to x with the path 
from x to k, and eliminating backtracking. This second path lies outside of 
K, apart from its endpoints. This contradicts the fact that there is a unique 
path between any two points of P^rk! so ^ must be that k' = k. 
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Lemma 5.3. For each nonempty closed connected subset K C P^rk? ^he 
retraction map r K : PB crk — > K is continuous. 

Proof: The connected open sets form a basis for the topology of P^rk- ^ 
U C PB crk is a connected open set, then U (1 K is also connected, since if 
x,y E U HK the path P from x to y is contained in U since U is connected, 
and it is contained in K since K is connected. Hence it is contained in 
U H K. It follows that the relative topology on K has a basis consisting of 
connected open sets. 

Let V C K be a connected open set, and let [/ C P^rk be an open set 
with V = UnK. If Uq is the connected component of U containing V, then 
Uq is also open; so we can assume without loss that U is connected. Let U 
be the union of all the connected open subsets U C P^rk with U D K — V . 
Then U is itself connected and open, and U fl K = V, so it is the maximal 
set with these properties. 

We claim that r~^(V) = U. First, we will show that r~^(V) C (U). 
Suppose x G r~^(y) and put k = rx{x) E V. Consider the path P from x 
to k. If x $l U, let x be the first point in the closure of U in P. Then x ^ U, 
since £/ is open; also, x £ K, since fc is the only point of P in _K" and k E U. 
Since if is compact and P^rk i s Hausdorff, there is a neighborhood W of 
x which is disjoint from K. Without loss, we can assume W is connected. 
Since x is in the closure of U, W D U is nonempty. It follows that U C/ 
is connected and open, and (W U U) H K = V. By the maximality of U we 
must have W C U. This contradicts the fact that x ^ U '. Hence x E U '. 

Next, we will show that U C r^(V). Fix a point k E V, and let x E U 
be arbitrary. Since U is connected, the path from x to &o must be entirely 
contained in U. Hence, the point k = rx{x), which is the first point in K 
along that path, belongs to U. But then k E U H K = V , so x E rJ^(V). □ 

If K\ C K2 C Pjjerk are ^ wo nonempty connected closed subsets, the 
retraction map r Kl : Pe crk — > induces a retraction map rx 2 ,K 1 '■ K 2 — > K\. 
Clearly 

r Xl (x) = r^ 2i ^ x (r^ 2 (a;)) 

for all x. If fTi and K 2 both have the relative topology, it follows from 
Lemma 5.3 that tk 2 ,k 1 is continuous. 

Proposition 5.4. Let U C Pjjcrk ^ e a domain. 

A) As T ranges over all subgraphs of U , and as f ranges overC(T), the 
functions of the form f o rjj r (x) are dense in C{U). 

B) As T ranges over all subgraphs of U, and as f ranges over CPA(r), 
the functions of the form f o rjj T {x) are dense in C(U). 
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Proof: For part (A), we will apply the Stone- Weierstrass theorem. Func- 
tions of the form / o rjj v (x) separate points in U: given distinct points 
x,y G U, take T to be a closed segment \p, q] in the path from x to y, and let 
/ G C([p, q\) be any function with /(p) ^ f (q). Then for V v {x) ^ /or Fr (y). 
Likewise, each constant function on U has the form forjj T (x), where T G U 
is arbitrary and / is the corresponding constant function on T. 

Take F G C(U). By the Stone- Weierstrass theorem (see [18], p. 244), 
since U is compact the algebra of functions generated by the / o rr(x) is 
dense in C(U). Hence, for any e > 0, there are a finite number of subgraphs 
Tij G U, i — 1, . . . , to, j — 1, . . . , rij, and functions fa G C(rjj), for which 

m rii 

\F{x)-iY<Tlfi3 0r U,T ij ( X ))\ < E 
i=l j=l 

for all x & U. Let T be the smallest connected subgraph containing all the 
r^: then T G U. For each i, j, put = o rr,r i:7 -(^); then ^ G C(r) and 
ftj ° ^c/r( x ) = A? ° r ur ij ( x ) f° r an x ^ U. Put 

5 = EdlfeOe C(r). 

i=i j=i 

Then — g o rjj r (x)| < £ for all x £ U. 

Part (B) follows from part (A), since CPA(r) is dense in C(T) under the 
sup norm, for each T. □ 

5.2. Coherent systems of measures. For each subgraph T G U, let fi-p 
be a bounded Borel measure on T. 

Definition 5.1. A system of measures {/^r} on the subgraphs of U is called 
coherent if 

A) For each pair of subgraphs with Y 1 G T 2 , ( r r 2 ,ri)*(/ i r2) = A^i, that is, 
for each Borel subset TcTi, 

^(^ ri (T)) = /i ri (T) . 

B) There is a constant B such that |/x r | (T) < B for each T. 

The collection of subgraphs T G U forms a directed set under contain- 
ment: for any two graphs Ti, T 2 , there is a unique minimal subgraph T 3 
containing Ti and T 2 . 

If /i is a bounded Borel measure on [/, and /ir = (?"t7r)*(/"0 f° r eacn 
r C U, then {/ir} is clearly a coherent system of measures on the subgraphs 
of U. The following proposition shows that every coherent system arises 
in this way: there is a 1-1 correspondence between measures /i on U and 
coherent systems of measures on subgraphs of U . 
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Proposition 5.5. If {fJ-r} is a coherent system of measures in U , the map 

A(F) = lim / F(x) dfi T {x) 

defines a bounded linear functional on C(U), so there is a unique bounded 
Borel measure ji on U such that 



A(F) = J_F{x)dn{x) 



for each F G C(U). This measure is characterized by the property that 
(rjj r )*(n) = /ir for each subgraph T C U . 

Proof: Fix T C U and /„ G C(T ). Put F = f Q o rjj ^x). 

Since {/i r } is a coherent system of measures, for each subgraph T C U 
containing T 

fo(rr,r (x)) dfi r (x) = / f (x)dfj, To (x). 
Then, since F |r = fo ° Tr,r f° r eac h T containing r , 

A(F ) = lim / F (x)dfi T (x) = / f (x) d/j, To (x) 

exists. 

By Proposition 5.4, functions of the form F — f °rjj T for / G C(T) and 
r C U are dense in C(U) under the sup norm, so A is defined on a dense 
subset of C(U). 

On the other hand, since |/zr| has total mass at most B for each T, for 
each G G C(U) 



limsup| / G(x)dfir( 
r Jt 



x)\ < B-\\G\\ W 



It follows that A extends to a bounded linear functional on C(U). The Riesz 
representation theorem (see Rudin ([30], Theorem 6.19, p. 139) tells us 
there is a Borel measure fj, on U, with \/jl\(U) < B, such that 



A(F) = f_F(x)dfi(x) 
Ju 



for each F G C(U). 

For the final assertion, it suffices to show that (rr)*(/i) = fir for each T, 
since this means that /x determines the measures /ir, which in turn determine 
the functional A(F). 

Fix r C U and let T be a connected subset of T. Let xt be the character- 
istic function of T. Choose a sequence of continuous, non-negative functions 
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hi hi ■ ■ ■ £ C{Y) decreasing pointwise to xt- By Lebesgue's monotone con- 
vergence theorem, 

lim //,(*) = /»<*)**(*) = MT). 

The functions h o rjj T decrease pointwise to xt ° r jj r so by another appli- 
cation of the monotone convergence theorem 

&J t/..^.)«.)-jt^(-)«-)-^cn). 

Since J^/; o r Vr (x) dfi(x) = J r h(x) d/j, r (x) for each i, fi(r^ r (T)) = Hv{T). 
Because connected sets generate the cr-algebra of Borel measurable sets on 
T, it follows that n(r=j\(T)) = /i r (T) for all Borel measurable T C T. □ 

5.3. The Laplacian. In Section 3, for any metrized graph T we have in- 
troduced a Laplacian on the space of continuous, piecewise affine functions 
CPA(r). Recall that if / G CPA(r) then 

A(/) = E(" E def{p))S p (x) . (5.1) 

pgr v at p 

It is possible to define a Laplacian on larger classes of functions. For ex- 
ample, Zhang ([33]) defined a Laplacian on the space of continuous, piece- 
wise C 2 functions whose one-sided directional derivatives d$f(p) exist for all 
peT. We will write Zh(T) for this space. Zhang put 

A(/) = -f"(x)dx + ^(- E dvf(p))S p (x) (5.2) 

per v at p 

where f"(x) is taken relative to the arclength parametrization, on each 
segment in the complement of an appropriate vertex set for T. Again, A(/) 
is a measure on T. The condition that the directional derivatives exist for 
all p is easily seen to be equivalent to requiring that /" e -^ 1 (r). For a 
function / G CPA(r), /" = in the complement of a vertex set, so Zhang's 
Laplacian is compatible with the one in (5.1). 

However, one can extend the Laplacian to a still broader class of functions. 
To motivate this, note that Zhang's Laplacian has the following property. 

Lemma 5.6. (Mass Formula) Let K C V be a set which is a finite union of 
points and closed intervals. Then for each f G Zh(T), 

A(/)(#) = - E E dcf(p) (5.3) 

p&dK v at p 
outward 

where dK is the boundary of K, and a direction v at p is called 'outward' 
if the edge it corresponds to leads away from K . 
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Proof: Choose a vertex set S for T which includes the endpoints of all 
segments in K, all isolated points of K, and all points where f"(x) is not 
defined. Put Sk = S H K; then K\Sk is a finite union of open intervals 
(a,i,bi). By definition 

a(/)(x) = -E f bl f"(x)dx+ E (- E <**/(?)) W • 

i ai peS/r tfatp (5.4) 

On the other hand, for each interval (a,, &,) 

T /" (x)rfx = /'(ft,) - f'( ai ) 

Jai 

where /'(a*) and are one-sided derivatives at the endpoints. If a«, 6, 

correspond to p, g G S^, then for the direction vectors w at p, g leading 
into (a,i,bi) we have d${f){p) = /'(ai), d^f(q) = —f'(bi). It follows that 

- t f\x)dx = d lS f(q) + d ff f(p) . 

Jai 

Thus, in (5.4) the sum over the integrals cancels all the directional deriva- 
tives for directions leading into K. What remains is the sum over directional 
derivatives in directions outward from K. □ 

The Mass Formula says that for a closed set K which is a finite union 
of segments and isolated points, A(f)(K) is determined simply by knowing 
the directional derivatives of / at the points of OK. In particular, taking 
K = T, we see that A(/)(r) = since dF is empty. Since the complement 
of an open interval U is a closed set K of the type we have been discussing, 

A(/)(C/) = S(f)(K) = E E d*f(p) ■ (5-5) 

p&dU v at p 
inward 

Taking unions of open and closed sets, it follows that for any TcT which 
is a finite union of points and intervals (open, closed, or half-open) there is 
a formula for A(/)(T) in terms of the directional derivatives dj{f) at points 
of ST. (This formula is easy to write out, but messy.) The collection of 
such sets forms a Boolean algebra A(T). 

Conversely, suppose / : T — > R is any function whose directional deriva- 
tives dfff(p) exist for all p and v. Taking Lemma 5.6 as the starting point, 
one could hope to define the Laplacian A(/) by (5.3), (5.5). This does in- 
deed give a finitely additive set function A(/) on the boolean algebra -4.(r). 
However, A(/) does not necessarily extend to a measure; there are patho- 
logical examples (similar to Weierstrass's functions which are continuous 
everwhere but differentiable nowhere) which oscillate so much that A(/) is 
not countably additive. 
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An additional condition is necessary: we will say that a function / : T — > 
R, whose directional derivatives d$f{p) exist for all p and v, is of bounded 
differential variation if there is a number B such that for any countable 
collection {Tj} of pairwise disjoint sets in A(T), 

oo 

E|A(/)(T0| < B. 
i=i 

We will write BDV(T) for the space of functions of bounded differential 
variation. It is easy to see that CPA(T) C Zh(T) C BDV(r). 

In ([2]) it is shown that if / G BDV(T) then the finitely additive function 
A(/) defined on A(T) extends to a bounded Borel measure on T, and con- 
versely if n is a bounded Borel measure on V with total mass 0, then there 
is an / G BDV(T) with A(/) = (Such an / is unique up to addition of 
a constant.) Thus, BDV(T) is the largest space of functions on which A(/) 
can be defined as a bounded measure. For future reference, we note the 
following facts shown in ([2]): 

Lemma 5.7. If f,g e BDV(T) ; then 

A) f is continuous on T. 

B) A(/)(r)=0. 

C) A(/) = if and only if f = C is constant. 

D) Iff G CPA(r) then A(f) is the measure defined by (5.1); iff G Zh(r) 
then A(/) is the measure defined by (5.2). 

E) If v is a probability measure on Y , and if f{x) = J r j z (x,y) du(y), then 
A(f) = v-6 z (x). 

F) J r fA(g) = J r gA(f). 

However, we are interested in functions not just on a graph T, but on a 
domain U. If /| r G BDV(r), write A r (/) for A(/| r ). 

Definition 5.2. Let U C IPecrk a domain. We will say that /:[/—> 
MU{±oo} is of bounded differential variation on U, and write / G BDV(£7), 
if 

A) f\r G BDV(r) for each subgraph T cU, and 

B) there is a constant B = B{f) such that for all T 

|A r (/)|(r) < B . 

Proposition 5.8. If f E BDV(C/) ; the system of measures {A r (/)} rc ;7 is 
coherent. 

Proof: The boundedness condition in the definition of coherence is built 
into the definition of BDV(£7); it suffices to check the compatibility under 
pushforwards. 
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Let subgraphs I\ C T 2 C U be given. Since T 2 can be obtained by se- 
quentially attaching a finite number of edges to Ti, it suffices to consider 
the case where T 2 = r x U T, and T is a segment attached to l\ at a point 
p. By the definition of the Laplacian on a graph, for any Borel set e con- 
tained in T\{p} we have A r2 (/)(e) = A T (/)(e). For the point p, the set 
of direction vectors at p in T 2 is the union of the corresponding sets in r\ 

and T. It follows that A ra (/)({p}) = M/XM) + A Fl (/)({?})■ Since 
(rr 2 ,r 1 )- 1 (W) = Tand A r (/)(T) = 0, 

Ar^/Xr^rJ-XM)) = A r (/)(T) + A Fl (/)({?}) = ArX/XM) • 

Trivially A r2 (/)(e) = A ri (/)(e) for any Borel set e contained in r^jp}. 
Hence (r r2 , ri ),(A r2 (/)) = A ri (/). " □ 

Definition 5.3. If / G BDV(U), the Laplacian 

A(/) = Ajjif) 

is the measure on U associated to the coherent system {A r (/)} rc ;y by 
Proposition 5.5, characterized by the property that for each subgraph T G U 

(ru,M A u(f)) = M/) • 
Proposition 5.9. For each f G BDV(£7), Ajj(/) has total mass 0. 
Proof: For any subgraph T G U, 

AjiUW) = (rv,M^u(fW) = M/XH = o . 

□ 

Here are some examples of functions in BDV(Pg crk ) and their Laplacians. 

Example 5.1. If f(x) = C is constant then / G BDV(P^ crk ) and A(/) = 0. 

Indeed A r (/) = for each subgraph 7, so the associated functional A(F) 
is the functional. 

Example 5.2. If f(x) = -log v {S{x,y) c ), then / G BDV(P^ crk ) and 

A(/) = 5 y (x)-S c (x) . 

To see this, let Co G ^Bcrk ^ e the Gauss point, the point corresponding to 
B(0, 1). Given a subgraph T containing £ , put y = rr(y) and ( = ?t(C)- 
For x G T, it follows from the definition of the Hsia kernel and the restriction 
formula for (x, y) in Section 3 that 

-\og v (5(x,y) c ) = j{ (x,y)-j Co (x,()-j<: (y,() 

= ko ( x , v) - ko (z, C) - ico (y, (5.6) 

Hence A r (/) = S y (x) — S^(x) = (r r )*(S y (x) — 5^(x)). The only measure on 
Fgerk with this property for all T is /i = S y (x) — S^(x). 
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Example 5.3. Take ^ g G C V (T); suppose div(g) = Y%Li n i( a i)- Then 
f(x) = -\og v ([g] x ) G BDV(Pl erk ) and 

m 

A(-log„([«?U) = J>U*)- 

i=i 

This follows from Example 5.2. Let ( G P^rk be arbitrary. By the 
decomposition formula for the Hsia kernel, there is a constant such that 

[g] x = C c • ]J 5 (^> a i)c • 

Taking logarithms, applying Example 5.2, and using Y^Li^t = gives the 
result . 

Example 5.4. If v is any probability measure on Pg erk and ( supp(z/), 
consider the potential function 

u u (x,C) = j -\og v {5{x,y\)dv(y) . 

Then u u (x,C) G BDV(P^ crk ) and 

AK(x,C)) = z/-5 f (x) . (5.7) 

To see this, let Co be the Gauss point, and let T be any subgraph contain- 
ing ( . For x G T, using the definition of 5(x, y)^, the restriction formula 
j( (x,y) = j^ (x,rr(y)), and the fact that v has total mass 1, we have 

u„(x, = J Jco( x i y) - j( ( x , - j(o(y, dv(y) 

= J JCo(x,r r (y))diy(y) - J j <0 (x, r r (())dv(y) - C c 
= ^ j<o ( x ,t)d((r r Uu))(t)-j <0 (x,r r (0)-C c 

where Cq is a finite constant. By Lemmma 5.7(E), u u (x,()\r G BDV(r) 
and 

A r (u v (z,C)) = (frj.M-^rtflW = (r r )*(^ ~ ^C^)) • 
It follows that A(m i/ (x, 0) = v — S^(x). 

Remark 5.1. The definition of / G BDV(£7) only concerns the restrictions 
/|r to subgraphs T C U. Such subgraphs can only contain points of type 
II, III, or IV (in fact, as the subgraphs vary they exhaust f/\P 1 (C 1) )), so 
requiring that / G BDV(£7) imposes no conditions at all on its behavior on 
P 1 (C t) ). That behavior must be deduced from auxiliary hypotheses, such as 
continuity or upper- semicontinuity. 

The Laplacian is compatible with restriction to subdomains. 
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Proposition 5.10. Suppose JJ\ C U2 C P^rk are domains, and f G 
BDV(C/ 2 ). Tnen / G BDV(C/i) and 

Proof: If / e BDV(C/ 2 ), then trivially / G BDV(C/i). By the compatibility 
of the retraction maps, for each T C U\ 

By the characterization of Ajj (/), it follows that Ajj (/) = (r^ 2 j7 1 )*(Ay= (/)) 
□ 

5.4. Harmonic Functions. If f/ is a domain and / G BDV(C/), the mea- 
sure Ajj(f) can be decomposed into two parts: a part supported on dU, 
and a part supported on U. As will be seen, the part supported on dU is 
analogous to the classical normal derivative on the boundary, while the part 
supported on U is analogous to the classical Laplacian. 

Definition 5.4. If U is a domain, / : U — > R is strongly harmonic on U if 
it is continuous on U, belongs to BDV(C/), and satisfies Ajj(f)\u = 0. 

If V is an arbitrary open set, / : V — > R is harmonic in V if for each 
x G V there is a (connected) neighborhood U x of a; on which / is strongly 
harmonic. 

If / and g are harmonic (or strongly harmonic) in U, then so are — / and 
a • / + b- g, for any a, b G R. In view of the computations of Laplacians given 
above, we have the following examples of strongly harmonic functions: 

Example 5.5. Each constant function f(x) = C on a domain U is strongly 
harmonic. 

Example 5.6. For fixed y, (, — \og v (5(x, y)^) is strongly harmonic in PB crk \{w 

Example 5.7. If 7^ g G C V (T) has divisor div(^) = YT=i n i(. a i)i then 
/(x) = - \og v ([g] x ) is strongly harmonic in P^ crk \{ai, . . . , a m }. 

Example 5.8. Given a probability measure v and a point £ ^ supp(z/), the 
potential function ^(z, £) is strongly harmonic in Pg crk \(supp(z/) U {C})- 

Lemma 5.11. 

A) If Ui C C/ 2 are domains, and f is strongly harmonic in U 2 , then f is 
strongly harmonic inU\. 

B) If f is harmonic in an open set V , and U is a subdomain of V with 
U C V , then f is strongly harmonic in U . 

C) If f is harmonic on V and K C V is compact and connected, there is 
a subdomain U C V containing K such that f is strongly harmonic on U . 
In particular, if V is a domain, there is an exhaustion of V by subdomains 
U on which f is strongly harmonic. 
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Proof: For (A) note that / G BDV(^) and (rjj^U^f)) = A Vi (f) 
by Proposition 5.10. Since fjj ij fixes U\ and maps U?\U\ to dUi, if 
A F2 (/)|i/ 2 = 0, then also A Fi (f)\ v [_= 0. 

For (B), note that for each x G U there is a connected neighborhood U x 
such that / is strongly harmonic in U x . Since U is compact, a finite number 
of the U x cover U, say U Xl , . . . , U Xm . For each U Xi , there is a constant Bi 
such that for every subgraph Tj C C/ Xj , 

|Ar 4 (/)|(ro < B t . 

If T C U is a subgraph, then there are subgraphs Ti, . . . , T m with r, C U Xi 
such that T C U^i 1 ^. (These subgraphs are not in general disjoint). We 
have /| r G BDV(r) since /| r . G BDV(Fj) for each i, and 

m m 

|A r (/)|(r) < EI^^Kro < 

i=l i=l 

Thus G BDV(U). 

For each Xj, C/ n U Xi is a subdomain of U Xi . (It is connected because 
there is a unique path between any two points of P^rio an d U, U Xi are both 
path-connected.) By part (A), 

&unu Xi (f)\unu Xi = 0. 
However, the U fl U Xi cover U, and 

(^hT7 1N )*(M/)) = A FnF ^(/). 

It follows that Ajj(f)\ UnUx . = 0. This holds for each i, so Ajj(/)|{/ = 0. 

For (C), note that for each x G K there is a connected neighborhood 
C/ x C V on which / is strongly harmonic. Since if is compact, a finite 
number of the U x cover T. Let U be the union of those neighborhoods. 
Then U is connected, and by the same argument as above, / is strongly 
harmonic on U. □ 

Note that if U is open but is not connected, and / is harmonic in U, we 
have not defined Ajj(/) even if / is strongly harmonic in each component 
of U. Different components may share boundary points, creating unwanted 
interaction between the Laplacians on the components. For example, let 
Co G IPecrk be the Gauss point, and consider the open set U = ^B crk \{0, Co}- 
It has one distinguished component Uq = 13(0, 1)~\{0} and infinitely many 
other components Ui = B(di, 1)$ . They all have Co as a boundary point. 
The function f(z) which is —\og v (5(x,0) OQ ) in Uq and is elsewhere has 
Laplacian Ajj (f) = 5 (x) — S^ (x), while Ajj (f) = for i ^ 0. 

A key observation is that the behavior of a harmonic function on a domain 
U is controlled by its behavior on a special subset. 
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Definition 5.5. If U is a domain, the main dendrite D C U is set of all 
x E U belonging to paths between boundary points y,z E dU. 

If the main dendrite is nonempty, it is a tree which is finitely branched 
at each point. 

To see this, fix £ G U, and take e > 0. For each x G <9C/, put r x = 
diam^(x)+e. Since dU = U\U is compact, it can be covered by finitely many 
open balls B(x,r x )^, say the balls corresponding to x±, . . . ,x m . Without 
loss we can assume these balls are pairwise disjoint. Each B(xi,r Xi )^ has 
a single boundary point Zi, which necessarily belongs to U . Let D £ be the 
subgraph connecting the points Zi, . . . ,z m ; it is a finite tree, contained in 
U. If y, z G dU belong to the same ball B(xi,r x .)^ then the path between 
them lies entirely in that ball, because a subset of P B erk is connected if and 
only if it is path connected, and there is a unique path between any two 
points. If y and z belong to distinct balls B(xi,r Xi )^ , B(xj,r Xj )^ , the path 
between them is contained in those balls together with D £ . If we let e — > 0, 
the balls B(xi,r x .)^ will eventually omit any given point x G U. If e± > e 2 , 
then D £l is contained in the interior of D £2 , and as e — > the subgraphs L> e 
exhaust D. Thus 

oo 

= IJ D l/n 
n=l 

is a tree, which is finitely branched at every point. 

Note that the main dendrite can be empty: that will be the case iff U has 
one or no boundary points, namely if U is an open disc, if U = Ag crk , or if 

Lemma 5.12. Let f(x) be harmonic in a domain U. If the main dendrite 
is empty, then f(x) is constant; otherwise, f(x) is constant on branches off 
the main dendrite. 

Proof: First suppose the main dendrite is empty, so dU is empty or 
consists of a single point. Then U = PB crk , U = A Bcrk , or U is an open 
disc. Let x, y G U be arbitrary points not of type I, and let Y be the path 
connecting them. By the description of U, there is a disc V whose closure 
is contained in U, with rcV. 

By Lemma 5.11, / is strongly harmonic in V. We claim that A^(/) = 0. 
By definition, A v (f)\ v = 0. Also, A v (f)(V) = by Proposition 5.9, so 
^vU){dV) = A v (f)(V) - A v (f)(V) = 0. Since dV consists of one point, 
our claim is established. 

It follows that A r (/) = (r v ,r)*( A v(f)) = °- % Lemma 5.7(C), /| r is 
constant; thus f(x) = f(y)- Since the non-type I points are dense in U and 
/ is continuous, / must be constant. 
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Next suppose the main dendrite is nonempty. Let x G U\D be arbitrary. 
If x is not of type I, fix a point y G D, and let w be the first point in D 
along the path from x to yo; we claim that f(x) = f(w). Let T be the path 
from x to w; then there is a subdomain V of U containing T, on which / is 
strongly harmonic. Since A.y(f) is supported on dV and the retraction of 
dV to T is the point w, it follows that A r (/) = (ry r )*(Ay(/)) is supported 
on w. However, A r (/)(r) = 0, so A r ({w}) = 0. Thus A r (/) = 0, and by 
Lemma 5.7(C), f(x) = f(w). If x is of type I, then it is a limit of non-type 
I points along the path from x to w, so by continuity f(x) = f(w). □ 

Here is an example of a domain U and a function / : U — > R which is 
harmonic on [/ but not strongly harmonic. 

Fix coordinates so that P^erk = ^Bcrk u {°°}> an d take = PeeriA^p- 
Then the main dendrite D is a tree whose root node is the Gauss point Co, 
and whose other nodes are at the points corresponding to balls B(a,p~ n ) 
for a,n G Z, with n > 1 and < a < p n — 1. It has p branches extending 
down from each node, and each edge has length 1. 

To describe /, it suffices to give its values on the main dendrite. It will 
have constant slope on each edge. Let /(Co) — 0; we will recursively give its 
values on the other nodes. Suppose z a is a node on which f(z a ) has already 
been defined. If z a is the root node, put N a = 0; otherwise, let N a be the 
slope of / on the edge entering z a from above. Of the p edges extending 
down from z a , choose two distinguished ones, and let f(z) have slope N a + 1 
on one and slope —1 on the other, until the next node. On the p — 2 other 
edges, let f(z) have the constant value f(z a ) until the next node. 

By construction, the sum of the slopes of / on the edges leading away 
from each node is 0, so / is harmonic in U . However, there are edges of 
D on which / has arbitrarily large slope; if V is an edge of D on which / 
has slope m r , then |A r (/)|(r) = 2|m r |. Thus, / £ EDV(U), and / is not 
strongly harmonic on U. 

5.5. The Maximum Principle. We will now show that harmonic func- 
tions on Berkovich space share many properties of classical harmonic func- 
tions. 

Proposition 5.13. (Maximum Principle) 

If f is a nonconstant harmonic function on a domain U C Pecrk; then f 
does not achieve a maximum or a minimum value on U . 

In particular, if f is harmonic on U and lim s\xp x ^ du f(x) < M, then 
f(x) < M for all x G U; if limmf x ^Qu f(x) > m, then f(x) > m for all 
xeU. 

Proof: It suffices to deal with the case of a maximum. 
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Suppose / takes on its maximum at a point x G U. Let V C U be a 
subdomain containing x on which / is strongly subharmonic. We will show 
that / is constant on V. It follows that {z EU : f(z) = f(x)} is both open 
and closed, and hence equals U since U is connected, so / is constant on U. 

By Lemma 5.12, we can assume the main dendrite D for V is nonempty. 
Let T be the branch off the main dendrite containing x, and let w be the 
point where T attaches to D. By Lemma 5.12, f(w) = f(x). 

Let r C D be an arbitrary subgraph with w in its interior. By the 
definition of the main dendrite, Ty V (dV) consists of the endpoints of T. 
Since Ay(/) is supported on dV, Ar(/) = (ry r )*(Ay(f)) is supported 
on the endpoints of T. By Lemma 5.7(E), /| r G CPA(r). Let T be the 
connected component of {z G T : /(z) = /(u>)} containing iy. If T 7^ T, let 
p be a boundary point of IV Then p cannot be an endpoint of T, because 
T is closed. Since f{p) is maximal, we must have d$f(p) < for all v at p. 
Since /| r G CPA(r), and /| r is nonconstant near p, there must be some v 
with dtf(f)(p) < 0. It follows that 

Ar(/)(p) = - E *t/(p)>0- 

i; at p 

This contradicts the fact that A r (/) is supported on the endpoints of T, 
and we conclude that r = T. 

Since T can be taken arbitrarily large, / must be constant on the main 
dendrite. By Lemma 5.12, it is constant everywhere on V. □ 

There is an important strengthening of the Maximum Principle which 
allows us to ignore sets of capacity in dU. 

Proposition 5.14. (Strong Maximum Principle) 

Let f be harmonic on a domain U C P^rk- Assume either that f is 
nonconstant, or that dU has positive capacity. 

If f is bounded above on U , and there are a number M and a set e C dU 
of capacity such that limsup^.^ f(x) < M for all z G dU\e, then f(x) < 
M for all x G U. 

Similarly, if f is bounded below on U, and there are a number m and a 
set e C dU of capacity such that liminfj,^ f(x) > m for all z G dU\e, 
then f(x) > m for all x G U . 

For the proof, we will need the existence of an 'Evans function'. 

Lemma 5.15. Let e C P^rk ^ e a compact set of capacity 0, and let ( e. 
Then there is a probability measure v supported on e for which the potential 
function u v (z, () (which is defined on all o/PB crk as a function to MU{±oo}) 
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satisfies 

\im u u (z,C) — 00 

z— 

for all x £ e. A function with this property is called an Evans function. 

Proof: By Theorem 4.15, the restricted Chebyshev constant CH*(E)^ is 
0. This means that for each e > 0, there are points ai, . . . , £ e for which 
the pseudo-polynomial 

N 

P N (z;ai, . . . ,a N ) = J|<5(z,ai) c 

i=i 

satisfies (||P/v(z; a± : . . . , a^We) 1 ^ < £■ 

Let q = q v be the base of the logarithm \og v (t), and take £ = 1/q 2 for 
fc = 1, 2, 3, ... . For each k we obtain points a^i, . . . , afc,jv fc such that the 
corresponding pseudopolynomial PN k { z ) satisfies (H-P/vJIe) 1 ^ < '■ Put 

OO -y N k 

fc=i z iV fc i=i 

Then z/ is a probability measure supported on e, and 

«"(*.0 = E^-tt^^W))- 
fc=i ^ 

Since P/v fc (-2) is continuous, there is a neighborhood Uk where P]y k (z) l l Nk < 
l/q 2k - Without loss we can assume U\ D U 2 D Us.... On U m , for each 
k — 1 , . . . , m we have 

-T^^iog^iXW) > -7^iog,(i/g 2fc ) = 1. 

Hence £) > m on C/ m . Letting m — > 00, we see that lim z ^ x 1^(2, £) = 
00 for each a; £ e. □ 

We can now prove Proposition 5.14. 

Proof: It suffices to deal with the case of a maximum. Suppose f(x ) > 
M for some Xo £ U. If / is nonconstant, there is a point ( £ U with 
/(C) 7^ f{ x o)i an d after interchanging a;o and ( if necessary we can assume 
f(xo) > /(C)- If dU has positive capacity, then for each z £ <9C/\e we have 
lim sup^.^ f(x) < M, so there is a point ( £ [/ with /(C) < f(x ). 

Fix Mi > M with /(xo) > Mi > /(C), and let W = {x £ C/ : f(x) > 
Mi}. Let V be the connected component of W containing xq. Since / is 
continuous, V is open, and is itself a domain in P^rk- Consider its closure V. 
If V C C/, then each y £ 9V would have a neighborhood containing points 
of V and points of U\W. By the continuity of /, this implies f(y) = M x . 
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However, f(xo) > Mi. This violates the Maximum Modulus Principle for 
V. 

Hence e± = V fl dU is nonempty; clearly it is compact. By the definition 
of W, ei is contained in e, the exceptional set where limsup^,^ f(x) > M. 
Since e has capacity 0, e\ has capacity as well. 

Let h[x) be an Evans function for ei with respect to (. Then h(x) is 
harmonic in V, and \im x ^ y h{y) = oo for each y G e\. Since ( V, h(x) is 
bounded below on V. Let —B be a lower bound for h(x) on V. 

For each rj > 0, put 

/„(a;) = /(x) - 77 • h(x) 
on V. Then f v (x) is harmonic in V. Since f(x) is bounded above, for each 

lim sup /,,(?/) = -oo . 

On the other hand, for each y e 9ynC/, / is continuous at y and /(y) = Mi, 
as before. Hence 

lim sup f v (x) < Mi + 7] • B . 

Since each y e 9V either belongs to ei or to 9V fl U, the Maximum Modulus 
principle shows that f v {x) < Mi + r\ • B on V, hence that 

f(x) < Mi + V -(B + h(x)) . 

Fixing x and letting rj — > 0, we see that /(x) < Mx for each x £ V. However, 
this contradicts f(x ) > Mi. 

Thus, f(x) < M for all x e C/, as was to be shown. □ 

Proposition 5.16. (Riemann Extension Theorem) Le£ U be a domain, and 
let e G U be a compact set of capacity 0. Suppose f(x) is harmonic and 
bounded in U\e. Then f extends to a harmonic function on U . 

Proof: Note that U\e is indeed a domain: it is open since e is closed, and 
it is connected since a set of capacity is necessarily contained in P 1 (C„), 
and removing Type I points cannot disconnect any connected set. 

We claim that f(x) is locally constant in a neighborhood of each point 
a G e. Given a, take a ball £>(a, r)g small enough that its closure is contained 
in U, and consider the restriction of / to the domain V = B(a,r)^\e. The 
boundary dV consists of B(a, t)q fl e together with a point z G U with 
diam(z) = r. Since / is continuous at z, it follows that 



lim/(x) = f(z) 
xev 
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Applying Proposition 5.14 to / on V, we see that for each x G V, both 
f(x) < f(z) and f\x) > f(z). Thus f(x) = f(z) for all z G V. Extend / 
by putting f(x) = f(z) for all x G <6(a,r)o ■ Clearly the extended function 
is harmonic on U. □ 

Corollary 5.17. Let {ai, . . . , a m } be a finite set of points in P 1 (C^) ; or 
in F l (C v ) fl B(a,r)^ for some disc. Then the only bounded harmonic func- 
tions in FBcrk\{ a i> • • • )°m}; or in B(a,r)^\{ai, . . . ,a m }, are the constant 
functions. 

Proof: We have seen in Lemma 5.12 that if U is P^rk or an open disc, 
the only harmonic functions on U are the constant functions. Since a finite 
set of type I points has capacity 0, Proposition 5.16 shows that a bounded 
harmonic function on U\{ai, . . . , a m } extends to a function harmonic on U . 
□ 



5.6. The Poisson Formula. In the classical theory over C, every point 
has a neighborhood isomorphic to a disc. If / is harmonic on the disc and 
has a continuous extension to its closure, the Poisson Formula gives / on 
the disc in terms of its values on the boundary. 

In Berkovich space, the basic open neigbhorhoods are punctured discs. A 
punctured disc has only a finite number of boundary points, and its main 
dendrite is the interior of a graph V . We will now show that every harmonic 
function / on a punctured disc has a continuous extension to its closure, 
and give a formula for f(x) in terms of its values on the boundary. In one 
sense, the Berkovich Poisson formula is simpler than the classical one: it is 
a finite sum, obtained using linear algebra. However, in another sense, it is 
more complicated, because it depends on the structure of the graph Y. 

Consider a punctured disc U = B(ai,ri)^\ U™ 2 B(ai,ri)^. Assume r\ < 
diam^(^), and each r\ > 0, so that each disc in the representation of U 
corresponds to a boundary point Xi G dU, namely the point corresponding 
to the classical disc B(ai,ri)^. 

If m — 1, U is simply the open disc B{ai,r\)^, and dU is the point x\ 
corresponding to B{a\,T\)^. By Lemma 5.12 the only harmonic functions 
on B(ai,ri)^ are constant functions, and such functions clearly extend con- 
tinuously to B(ai,ri)(;. Thus if f(x±) = A±, the Poisson formula is trivially 

f(x) = Ai for all x G B(ai, ri)^. (5.8) 

Now assume m > 2. Let T be the tree spanned by dU = {x±, ... , x m }, so 
To := r\{xi, . . . ,x m } is the main dendrite of U. If f(x) is harmonic in U, 
A r (/)(p) = — J2vdrff(p) = for each p G r . In particular, the restriction 
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of f(x) to each edge of T is affine. It follows that f(x) has a continuous 
extension to U . 

Fix z G Picric- We wm §i ye a formula for f(x) on [/ in terms of the 
values Ai = f(xi), using the Hsia kernel S(x,y) z . By Lemma 5.12, f(x) is 
determined by its restriction to T. Fix z\ G T and let z = r T (z) be the 
retraction of z to T. As shown in Section 3, there are constants C, C 2 such 
that for all x, y G T, 

-log„(<5(a;,j/) z ) = j Zl (x,y)-j Zl (x,z)-j Zl (y,z)-C 

= (Jzi (x, y) - j zi (x, z) - j Zl (y, z) + j Zl (z, z)) 

-(C + j Zl (z,z)) 
= j z {x,y)-C z (5.9) 

where C z = C + j Zl (z,z). 

Consider functions on T of the form 

m 

f(x) = fs(x) = C + J2 c dz( x i x i) 

i=l 

where E^i Q = 0. If f(x) = 0, then 

m 

= A r (/) = E c ^(^) > 
i=i 

so ci = • • • = c m = 0, and then = f(x) = c so c = as well. Let 
L = {(c ,ci,... ,c m ) G M m+1 : E™ i Q = 0}. It follows that the map 
F : L -> M m given by 

^(c) = (^(xi),... ,/<r(x m )) 

is injective. By a dimension count, it is surjective. Let M be the (m + 1) x 
(m + 1) matrix 



M = 



( 1 

1 3z{xi,xi) 



1 \ 

j~z\El i %m) 



(5.10) 



Then M is nonsingular, and for each (Ai, . . . , A m ) G M m , the numbers 
c , Ci, . . . , c m for which /^(xj) = are uniquely determined by the system 
of equations 

/ \ ( c \ 

Cl 



\A m ) 



M 



(5.11) 
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In the matrix M, the j z (xi, Xj) can be replaced by — \og v (5(xi, Xj) z ) since 
— log v (S(x i , Xj) z ) = j-(xi, Xj) — C z for all i, j and the first row of M asserts 
that YT=i Ci = 0. Thus, put 

/0 i ... i \ 

1 -log w ((J(a;i,a;i)a) ••• -log v (6(xi,x m ) g ) 



M(z) 



\ \ -log„(<J(a: m ,a;i)a) ••• -log v (S(x m ,x m ) z ) J 



(5.12) 



and for each % = 0, 1, ... m let Mi(z, A) be the matrix gotten by replacing 
the i th column of M(z) by *(0, Ai, . . . , A m ). The matrix M(z) first appeared 
in (Cantor, [7]); we will call it the Cantor matrix. 

Proposition 5.18. (Poisson Formula I) Let U = B(a±, ri)^ \U™ 2 Z3(aj, 
be a punctured disc with boundary points x±, . . . ,x m . Each harmonic func- 
tion f(x) on U has continuous extension to U , and there is a unique such 
function with prescribed boundary values A ± , . . . , A m . It is given as follows. 

Fix z e P^ erk , and put a = det(Mj(z, A))/det(M(z)) for i = 0,1... ,m. 
Then 

m 

f(x) = c + J2 c i ■ (-^og v (5(x,Xi) z )) . (5.13) 

i=l 

(This should be understood as a limit, if z is of type I and x = z.) Moreover 

m 

i=i 

Proof: By the discussion above, (5.13) holds for all x G V. Now let 
x G U be arbitrary. If x does not belong to the same branch off Y as z, it is 
easy to see from (5.9) that —\og v (8(x,Xi) z ) = j-(r r (x),Xi) — C z , so (5.13) 
holds for such x. If x belongs to the same branch off T as z, then j z (x, xi) 
is independent of It follows that f(x) = cq on that branch, except at 
possibly when x — z. If z is not of type I, then f(z) = cq by the continuity 
of 8(x, Xi) z at x — z. If z is of type I, then (5.13) is undefined at x — z, but 
lim t _ 2 f(t) = co. 

The assertion regarding Ajj-(f) follows immediately from(5.13). □ 

Note that formula (5.13) holds even when m — 1, as is easily seen by 
inspection. 

There is another formula for /, which has the merit of being independent 
of auxiliary variables. Since / is unique, the expression (5.13) is valid for 
each x and z. Taking x = z shows f(z) = Co = det(M (z, A))/det(M(z)). 
Note that by (5.9), (5.10) and (5.12), the determinants are well-defined and 
finite, and det(M(z)) ^ 0, even when z is of type I. 
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For each % — 1, . . . , to, let G IR m+1 be the vector which is 1 in the 
(i + l) st place and elsewhere, and put 

hi(z) = det(M (z,ei))/det(M(z)) . 

Then hi(z) is harmonic in U and continuous on U . It takes the value 1 at x iy 
and is at each Xj with j ^ i. It is the analogue of the classical harmonic 
measure for the boundary component Xi of U. By the maximum principle, 
< hi(z) < 1 for each z e U, and 

m 

E^W = !■ (5-14) 

i=i 

In sum, we have 

Proposition 5.19. (Poisson Formula II) Le£[/ = B(ai, n)^ \U™ 2 ^( a i> r i)c 
be a punctured disc with boundary points xi, . . . ,x m . Let A ± , . . . , A m e M be 
given. Then the unique function f(z) which is harmonic on U , continuous 
on U , and satisfies f(xi) = A t for each i — 1, . . . , m is given by 

f(z) = det(M (z,A))/det(M(z)) (5.15) 

m 

= j2 A i- h i( z ) > ( 5 - 16 ) 

i=i 

for all z G U , where hi(z) = det(M (z,ei)/det(M(z)) is the harmonic mea- 
sure for Xi G dU . 

5.7. Uniform Convergence. Poisson's formula implies that the limit of a 
sequence of harmonic functions is harmonic, under a much weaker condition 
than is required classically. 

Proposition 5.20. Let V be an open subset o/Pg^. Suppose /i,/2, ••■ 
are harmonic in V and converge pointwise to a function f : V — > R. Then 
f(z) is harmonic in V , and the fi(z) converge uniformly to f(z) on compact 
subsets of V . 

Proof: Given x G V, take a punctured disc U x containing x, with closure 
U x C V. If dU x = {x±, . . . ,x m } then by Proposition 5.19 

m 

fk(z) = J2 fk( X i) h i( Z ) 
i=l 

for each z G U x . It follows that the fk(z) converge uniformly to f(z) on U x , 
and f(z) = J2i=i f(xi)hi(z) is strongly harmonic in U x . 

Thus / is harmonic in V. Any compact K C V is covered by finitely 
many sets U x , so the fi(z) converge uniformly to f(z) on K. □ 

Using this, we can characterize harmonic functions as local uniform limits 
of logarithms of norms of rational functions. 
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Corollary 5.21. If U C Picric ^ s a domain and f is harmonic in U, there 
are rational functions gi(T) , g 2 (T) , . . . G C V (T) and numbers R±, R 2 , ■ ■ ■ G Q 
such that 

f(x) = lim R k ■ \og v ([g k ] x ) 

k— »oo 

uniformly on compact subsets of U . 

Proof: The assertion is trivial if the main denrite of U is empty, since the 
only harmonic functions on U are constants. 

Hence we can assume the main dendrite is nonempty. Choose an exhaus- 
tion of U by punctured discs {U k } with closures U k C U. (For example, 
such an exhaustion can be gotten by exhausting the main dendrite D by 
subgraphs r fe , and putting U k = r^(T kfi ).) 

Fix k, and write dU k = {x k ,i, ■ ■ ■ ,Xk t m k }- Taking z = oo in Proposition 
5.18, there are numbers c k ,i G K, with X)™* c k ,i = 0, such on U k 

m k 

f(x) = C k ,0 + ■ (-l0g„(5(x,Xjfc ii ) 00 )) . 

i=l 

For each i — 1, . . . , m k fix a type I point a k ,i whose retraction to U k is x k ,i- 
Then 5(x, x k ,i)oc = S(x, a k ,i) oo = [T - a k ,i] x for each x G U k . 

Choose rational numbers d k>i , with Yh^i dk,i = 0, which are close enough 
to the c k} i that 

m k 

fk(x) := 4,0 + J2 d k,i ■ (-l0Ev( S ( x > a k,i)oo)) 
i=l 

satisfies |/fc(x) — < 1/A; on U k . Let TVjt be a common denominator for 
the d k> i, and put n^^ = N k -d k ,i- Let 6^ G C„ be a constant with \bk\ v = Qv nk '° , 
and put 

^fc(T) = b k -H(T-a k ,) n ^ . (5.17) 
i=i 

Then f k (x) = (-1/N k ) \og v ([g k ] x ) on U k . The result follows. □ 

5.8. Pullbacks. Harmonicity is preserved under pullbacks by meromorphic 
functions. To show this, we first need a lemma asserting that logarithms of 
norms of meromorphic functions are harmonic. 

Lemma 5.22. Let U be a domain, and suppose g(x) is meromorphic in U . 
Then f(x) := \og v ([g] x ) is harmonic in C/\supp(div(<?)). 

Proof: Choose a covering of U by punctured discs U k with U k C U. Let 
A k be a Tate algebra for which U k = M(A k ). For each k, there are coprime 
polynomials P k (z) and Q k (z), and a unit power series u k (z) G A k , such 
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that g(z) = (Pk(z)/Qk(z)) ■ u k {z) on U k n C„. A unit power series satisfies 
[v>k]x — 1 f° r an x , so 

\og v {[g\ x ) = log w ([P fc U-lo gt ,([Q fc U 

is strongly harmonic on Uk\(di\(Pk/Qk))- 1=1 

Corollary 5.23. Let U and V be domains in P^rk- Suppose F(z) is mero- 
morphic in U , with F{U) C V . If f is harmonic in V , then foF is harmonic 
in U. 

Proof: Let x be the variable on U, and y the variable on V. By Lemma 
5.22 there are rational functions g k and numbers R k such that 

lim R k ■ log v ([g k ] y ) = f(y) 

fe^oo 

uniformly on compact subsets of V. For each y G V, let V y be a neighorhood 
of y with V y C V; since / is harmonic there is a K y so that g k has no zeros 
or poles in V y if k > K y . 

Suppose x e U satisfies F(x) = y. Choose a punctured disc neighborhood 
U x of x contained in F~ 1 (V ?/ ). The functions g k o F are meromorphic in U x , 
and if k > K y they have no zeros or poles in U x . The functions Rk-log v ([gkO 
F] z ) converge to / o F(z) for each z G U x . 

By Corollary 5.20, / o F is harmonic on U x . By Proposition 5.18, / o F 
is strongly harmonic on U x . Since x G U is arbitrary, / o F is harmonic on 
[/. □ 

5.9. Harnack's Principle. Harnack's principle holds as well: 

Proposition 5.24. (Harnack's Principle) Let U be a domain, and suppose 
fi, /2, . . . are harmonic in U with < /i < / 2 < . . . . T/ien either 

A) lim^oo fi(z) = oo for each z G U , or 

B) f(z) = lim^oo fi(z) is finite for all z, the fi(z) converge uniformly to 
f(z) on compact subsets of U , and f(z) is harmonic in U . 

Proof: If the main dendrite D for U is empty, then by Lemma 5.12 each 
fi(z) is constant, and our assertions are trivial. Hence we can assume D is 
nonempty. 

Suppose there is some x G U for which lim^oo f\{x) is finite. Since each 
fi is constant on branches off the main dendrite, there is a point x on D 
where lim^oo fi(x ) is finite. 

Let p(x, y) be the logarithmic path distance on PB erk . Since the main 
dendrite is everywhere finitely branched, for each p G D there is an e > 
such that the closed neighborhood of p in D defined by T(p,e) = {x G 
D : p(x,p) < e} is a star, e.g. is a union of n closed segments of length 
e emanating from p, for some n. Write qi = p + evi, i = 1, . . . ,n, for the 
endpoints of Y(p, e). 
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Suppose h(z) is harmonic and non-negative in U. The restriction of 
h(z) to the subgraph T(p,e) is linear on each of the segments [p, and 
A r (h)(p) = 0. Thus for each i, and z = p + tvi G [p, 

o = A r (/,)(p) = M^) - %) + E %,) - %) 

Since > for each j, it follows that h(x) < n-h{p). This holds for each 
z G r(p, e). Let T C -D be an arbitrary subgraph containing rr . Proceeding 
stepwise from x , it follows that there is a constant C = Cr such that for 
each x G T, 

< < C r • /i(x ) • 

Applying this to the functions fi(x), since f(x ) = lim^oo fi(x ) is finite, 
the fi(x) are uniformly bounded on each subgraph T C D containing x . 
Hence the fi(x) converge uniformly to f(x) on T. If K is any compact 
subset of U, then the image of K under the retraction to the main dendrite 
is contained in some subgraph V. Hence the fi(x) converge locally uniformly 
to f(x) on U, and f(x) is harmonic by Proposition 5.20. □ 

5.10. Green's functions. We will now prove the uniqueness of the equi- 
librium distribution, as promised in Section 4, and use this to build a theory 
of Green's functions. 

Proposition 5.25. Let E C P^rk ^ e a com P ac t se t with positive capacity, 
and let ( G Pg crk \-E. Then the equilibrium distribution p^ of E with respect 
to ( is unique. 

Proof: Suppose pi and p2 are two equilibrium distributions for E with 
respect to (, so that 

J c 0xx) = /c(p 2 ) = V C (E) . 

Let Ui(x) = u^xX) and u 2 (x) = u^ 2 (x,() be the corresponding potential 
functions, and let U be the connected component of P^erA-^ containing (. 

Both Ui(x) and u 2 {x) satisfy Frostman's Theorem (Theorem 4.11): each 
is bounded above by V^(E) for all z, each is equal to V^(E) for all z G E 
except possibly on an E a set fi of capacity 0, and each is continuous on E 
except on fi. Each is bounded in a neighborhood of E. 

Consider u(z) = u±(z) — u 2 {z). By Example 5.4, u(z) is in BDV(Pg erk ), 
and 



^ ork («) = (»i - ^0*0) - (A*2 - S ( (x)) = pi - p 2 
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By Proposition 4.5, [i\ and // 2 are both supported on dE^ = dU C U. Since 
the retraction map r p i ^ fixes U, it follows that 



Berk' 



A U( U ) = ( r PLrk'^^ Ap Bcrk^) = A*l-A*2- (5-18) 

Thus Ajj(u) is supported on dU. 

Suppose C ^ P 1 (C, ; ). By Proposition 4.5, each Ui(z) is defined and 
bounded on all of F^crio an d is continuous on U. Hence u(z) has these prop- 
erties as well. By (5.18) u(z) is strongly harmonic on U . Put / = f\ U / 2 , 
which has capacity by Corollary 4.14. By the discussion above, for each 
x G dU\f, u(z) is continuous at x and u[x) = 0. In particular 

Hmu(z) = . (5.19) 

By the Strong Maximum Principle (Proposition 5.14), u(z) = on U. Hence 
Ajj(u) = 0, so //i = /i 2 . 

If C £ P )1 ( ( C 1 ,), there is a slight complication because «i(C) — M 2(C) = 
oo — oo is undefined. However, we claim that u(z) is constant, and in fact is 
identically 0, in a neighborhood of 0. Assuming this, since Proposition 4.5 
shows that each Ui(z) is bounded in a neighborhood of E and is continuous 
in f\{C}) h follows that u(z) is harmonic and bounded in C/\{£}. The 
boundary limits (5.19) continue to hold for all x G dU\f, and in addition 

limu(z) = . (5.20) 

zeu 

Applying the Strong Maximum Principle to u(z) on the domain t/\{C}, 
relative to the exceptional set / U {(} contained in its boundary dU U {(}, 
we conclude u(z) = in t/\{C}- Since the closure of i/\{C} is U, it follows 
as before that Ajj(u) = 0, and /ii = /i 2 . 

To establish our claim, fix a G P 1 (C„) with a ^ ( and note that the 
balls B(a,R)^ exhaust Pe C rk\{C}- Since E is compact there is an R with 
E C B(a,R){. For each z G Pg crk \i3(a, R)^ and each w G B(cl,R)q, the 
ultrametric inequality for 5(x,y)^ shows that S(z,w)^ = S(z,a)^. Since /xi 
and /i 2 are both supported on E C £>(a, i?)^, for z ^ £>(a, i?)^ 



(z) = J -\og v (5(z,w) ( )dfa(z) = -\og v (5(z,a) ( ) 



Hence u(z) = in F^\{B(a, u {C})- D 

Since the equilibrium distribution ji^ is unique, the potential function 
ue(z, C) = Ufi c (z, C) is well-defined. 
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Definition 5.6. If E C P^rk * s a compact set of positive capacity, then for 
each ( ^ E, the Green's function of E is 

G(z,(;E) = V c (E)-u E (z,0 for all z e P^ k . 

If [/ C Pecrk i s a domain for which <9£7 has positive capacity, the Green's 
function of U is 

Gu(z, C) = G(z, C; P Bcr kW) for z, ( E U. 

Proposition 5.26. Let E C P^rk ^ e a compact set of positive capacity. 
Then G(z, (; E) has the following properties: 

A) For each fixed ( ^ E, as a function of z, 

(1) G(z,(;E) >0for allzeF l Bcrk . 

(2) G(z, C; E) > for z e C/^, where Uq is the connected component of 
Pg erk \i? containing (. 

(3) Gr(z, C; -E 1 ) is /mite and harmonic in £^\{C}- 

For each a ^ (, G(zX',E) + log v (S(z,a)^) extends to a function harmonic 
on a neighborhood of (. 

(4) G(z, C; E) = on PgcrkWo e2;ce ^ 

on a (possibly empty) F a set 
e C dE^ of capacity which depends only on U^. 

(5) G(z, C; E) is continuous on PB cr k\ e > an( ^ ^ s strongly upper semi- 
continuous everywhere. 

(6) G(z,C,E) is bounded if ( P\C V ). 

It is unbounded, with G((,(;E) = oo, if ( G P 1 (C ?) ). 

(7) G(z, C; E) e BDV(PU), with & Ke jG(z, (; E)) = 5 c (z) - ^. 

B) As a function of two variables, G(zi, z 2 ] E) = G(z 2 , Z\\ E) for all 
z 1 ,z 2 <£ E. 

Proof: For (A), part (1) follows from Frostman's theorem (Theorem 4.11). 
Parts (4) and (5) (except for the fact that e is independent of (, which 
we will prove later) follow from Proposition 4.7 and Frostman's theorem. 
Part (6) follows from the definition of the potential function u flc (z,() and 
properties of the Hsia kernel. These same facts show G((, (; E) > 0. Part 
(7) is a reformulation of Example 5.4. For the first part of (3), we know 
that G(z, C; E) is finite and harmonic in \{C} by Example 5.8. For the 
second part of (3), fix a ^ ( and consider the function f(z) = G(z, (; E) + 
\og v (8(z,a)c). By Examples 5.2 and 5.4, it belongs to BDV(P Bcrk ) and 
satisfies 

Let V be a connected neighborhood of ( with V fl (E U {a}) = <fi. If 
( P 1 (C t) ) then f(z) is defined everywhere, and is strongly harmonic in V. 
If C e P X (C„) then f(z) is harmonic and bounded in so it extends 
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to a function strongly harmonic in V by the Riemann Extension Theorem 
(Proposition 5.16). For (2), if G(x,(;E) = for some x G U c \{(}, let W 
be the component of \ { C } containing x. Then G(z, (; E) would achieve 
its minimum value at an interior point of W, and so would be identically 
on W by the Maximum Principle (Proposition 5.13). Thus 

UmG(z,C,E) = 

zew 

which contradicts the fact that G((, (; E) > and G(z, (; E) is continuous 

atC 

To see that the set e in part (4) is independent of (, temporarily write 
for it, and take £ ^ ( in U^. Let V be a neighborhood of ( such that 
V C and £ V. Since dV C £/<\{C,£} there is a constant C > such 
that G(-2, E) > C ■ G(z, (; E) on c/V. Let VF be a connected component of 
U C \V. Then dW C <9£ ( U dF. Consider f(z) = G(z, E) — C ■ G(z, C; E), 
which is harmonic on W . For each x G dW D 

lim /(*) > , 

while for each a; G cW fl (dE^\e^) 

liminf f(z) > . 
lew 

By the Strong Maximum Principle (Proposition 5.14), f(z) > for all 
z EW. Hence, if x G dW fl e^, then 

liminf G(z,£;E) > C ■ liminf G(z, C; f?) > 0. 
zelf lew 

Since each a; G belongs to cW for some W, it follows that C e^. By 
symmetry, = eg. 

For part (B), we can assume without loss that -21,-22 belong to the same 
connected component U of PB crk , otherwise G(z±, z 2 ; E) = G(z 2 , Z\\ E) = 0. 

First suppose neither z\ nor z 2 is of type I. Choose an exhaustion of U 
by subdomains W n such that W\ C W 2 C • • • , with W n C U for each n. 
(Such an exhaustion can be gotten by fixing ( G U and covering E by balls 
B(x,r x + I/ft) ^ where = diam^rr). Since is compact, finitely many 

balls cover E, for each n. Take W n = PBcrk\ ^£1 B( x i, r xi + V n )c-) 

Put <7i(x) = Gr(x, zi; i?), ^(^) = G(x, z 2 ; E), and write /ii = /i Zl , \i 2 = 
ji Z2 . Then <7i,</2 G BDV(Pg crk ), and <7i,<?2 G C(W n ) for each n since zi, z 2 ^ 
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Fix n, and let T C W n be a subgraph. Then ^1 1 r , ^2 1 r G CPA(r) since 
each <7j(x) is harmonic in U\{zi}. By Proposition 3.3(D), 

/ r 9iArW = / r fi 2 A r (9i) . (5.21) 

Taking the limit over subgraphs T, we obtain 

L 9iA f „fe) = f 92& Wn (9i) • (5-22) 

Here Ayy (gi) = ( r uW n )*(^u(9i)) f° r eac h i- Assume n is large enough 
that z 1: z 2 G W n . Then (r^J^A^)) = S Zi (x) - (r^J*^), and ^ is 
supported on <9C/. Thus 



(5.23) 



— — 9i ( X ) d ( r U,Wn)*(^j)( X ) = Lrr 9i ^Wn ( X ) ) d »3 ( X ) ' 

Vv n ^ OU 

Writing g itn (x) = gi(rjj tWn (x)) and using (5.22), (5.23) gives 

Qifa)- gi,n( x ) dfi 2 (x) = g 2 (z 1 ) - g 2 ,„(x)dii 1 (x) . 

Jau Jdu ^ 52 ^ 

Here lim n ^ 00 r^j^(a;) = x for each x G dU. Let e be the exceptional set 
of capacity in dU given in part (A. 4). By Lemma 4.9, fii(e) = 0. If 
x G dU\e, then 

Urn g i>n (x) = Urn gi (r VWn (x)) = 9i {x) = . 

For each n, gi jH (x) = gi(rjj^ (x)) is continuous on <9£7 since rjjyy (x) is 
continuous and gi(x) is continuous on [/. Moreover, the gi, n {x) are uniformly 
bounded, since gi(x) = G(x,Zi]E) = V^(E) — u^( x J z i) is bounded in a 
neighborhood of E. By Lebesgue's dominated convergence theorem, 

lim / g i>n (x) dfij(x) = . 

Thus (5.24) gives gi(z 2 ) = g 2 (zi), that is, G(zi, z 2 \ E) = G(z 2 , z\\ E), as 
claimed. 

Now suppose z\ G U is of type I, but ^ 2 G C/ is not of type I. Let t — > zi 
via points not of type I. Since G(x, Z2; -E) is continuous for x G £7, 

G(zi,Z2;#) = lim G(*, z 2 ; E) = lim G(z 2 ,t; E) . 

t — >Z\ t — >Zl 

We claim that lim^ Zl G(z 2 ,t;E) = G(z 2 , z±; E). To see this, fix a point z 
in the main dendrite D for U. There is a constant C t such that 

-\og v (5(x,y) t ) = j z (x,y) - j z (x,t) - j z (y,t) + C t 

for all 1,1/6 IPBerk- Let w be the point where the path from z\ to z meets D. 
If t lies on the path from z 1 to w, then for all x,y & E, j z (x,t) = j z (x,w) 
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and j z (y,t) = j z (y,w). In other words, for x,y G E, \og v (d~(x,y) t ) depends 
on t only through the constant C t . Hence the same probability measure \i 
minimizes the energy integral 

V t (E) = ff -logM^y)t)dfi(x)dfi(y) 

J J ExE 

for all t on the path from w to 2i, that is, fi t = fi Zl = fi. 

Similarly, — log v (S(z2,y)t) depends on t only through C t , if y G E and t 
is sufficiently near z\. Hence 

G(z 2 ,t;E) = V t (E)- [ -\og v (5(z 2 ,w) t )dfi(w) 

Je 

is independent of t, for t sufficiently near z\. Thus lim t ^ zi G(z 2 ,t, E) = 
G{z 2 , Zl ;E). 

Finally, let 21,22 £ U be arbitrary. Let t approach z x through points of 
type I. Using continuity and an argument like the one above we find 

G{z u z 2 ;E) = lim G(t, z 2 ; E) 

t — >Z\ 

= lim G(z 2 ,t;E) = G(z 2 , Zl ;E) . 

t — >Z\ 

□ 

We will now show that the equilibrium measure //£ has an interpretation 
as the reproducing kernel for harmonic functions: 

Proposition 5.27. Let U C IPecrk ^ e a domain such that dU has positive 
capacity. Suppose f is harmonic in U and extends to a continuous function 
on U . Then for each ( e U , 

/(C) = / f(z)df, c (z) . 

JoU 

Proof: First suppose ( G U is not of type I. As in the previous proof, 
choose an exhaustion on U by subdomains W n with W\ C W 2 C • • • and 
W n C U for each n. Without loss, we can assume (e^. Put g n (x) = 
G(z, C; W n ). Since dW n consists of a finite number of points, none of which 
is of type I, g n (x) is continuous on W n and g n {x) = for each x G dW n . 
Note that g n {x) G BDV(W n ), /, g n G C{W n ) for each n, and / is strongly 
harmonic in W n by Lemma 5.11; in particular / G BDV(W / n ). 

Fix n, and let r C W n be a subgraph. Then f\r,g\r G CPA(r). By 
Proposition 3.3(D), 

J r fA r (g n ) = J r g n A r (f) . (5.25) 
Taking a limit over subgraphs T, we find that 

L f^wM = f 9nA Wn (f). (5.26) 

JW„ JW n 
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Here A^ (g n ) = S^(x) — where /i^ n is the equilibrium measure of E n = 
Pg erk \W / ra with respect to (. It is supported on dW n . Since / is strongly 
harmonic on W n , A^ (/) is supported on dW n , where g n (x) = 0. Hence 
the integral on the right side of (5.26) is 0. It follows that 

/(C) = / f(x) dK, n (x) . (5.27) 

As n — > oo the measures fj,^ n converge weakly to [/,£, the equilibrium 
measure of E — PeerkW- (This follows by the same argument as in the 
proof of Corollary 4.6.) Since f(x) is continuous on U, 

/(C) = Jim J f(x)d(i Cn (x) = J f(x)dfx c (x) , 

yielding the result in this case. 

If ( is of type I, let t approach ( through points not of type I. As in the 
proof of Proposition 5.26(B), /i^ = /i t for t is sufficiently near (. Since / is 
continuous, it follows from the previous case that f(() = J du f (x) d^x^{x) . 
□ 

In the classical theory over C, the reproducing kernel is the inward normal 
derivative of Gu(z, C; E) on dE^, 

On Berkovich space, taking E = F^ crk \U and considering Proposition 5.26(A.7) 
suggests that ^ = A(G(z, (; E))\qu should identified with the normal de- 
rivative of G(z, C; E) on 8Eq = dU. 

6. SUBHARMONIC FUNCTIONS. 

In this section we develop a theory of subharmonic functions on the 
Berkovich line. 

6.1. Subharmonic and strongly subharmonic functions. We will call 

a subset V C P^rk a simple domain if V is an open disc or punctured 
disc, and is not P^erk itself. Thus V is a simple domain if and only if V is 
connected and dV is a nonempty finite set {x±, ... ,x m }, where each Xi is 
of type II, III, or IV. 

Definition 6.1. If U C Pjjcrk * s open, then V C U is a simple subdomain 
of U if V is a simple domain and V dU . 

By Proposition 5.18, if V is a simple domain, each harmonic function 
h(x) on V extends to a continuous function on V, and the Poisson formula 
expresses h(x) on V in terms of its values on dV. We will often use this 
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implicitly, and if h(x) is harmonic on a simple domain, we will speak of its 
values on dV. 

Recall that a function / : U — > R U {±00} is upper semicontinuous if 
limsup^^, f(z) < f(x) for all x E U, and is strongly upper semicontinuous 
if limsup^^ f(z) = f(x) for all x E U. 

Definition 6.2. Let U C P Bcr k be open. 

A function / : U — > [—00, 00) is strongly subharmonic on {7 if 

A) / is strongly upper semicontinuous on U, and for each x & U flP 1 (C^), 

f(x) = limsup /(z) ; 

£) for each component W of U, f E BDV(W) and A^(/)| w < 0. 

A function / : U — > [— 00, 00) is subharmonic on [/ if 

C) f(x) is upper semicontinuous, 

D) f(x) ^ —00 on any connected component of U, and 

E) for each simple subdomain V G U and each function h(x) harmonic 
on V, if h(x) > f(x) on dV, then > /(x) on V. 

Remark 6.1. The condition in (A) controlling / on U flP 1 (C ?) ) is necessary, 
as shown by the following example: take U = £>(0, and put f(z) = on 
U\Z P , f(z) = 1 on Z p . Then f(z) is strongly upper semicontinuous on U, 
since for each x G U\Z p there is a neigbhorhood V of x with V fl Z p = <fi. It 
also belongs to BDV(£7), with Ajj(f) = 0. However, it is not subharmonic 
on U, in contrast to Proposition 6.1 below. 

Proposition 6.1. Let U G P^rk ^ e °V en - 

If f is strongly subharmonic on U , then it is subharmonic on U . 

If f is subharmonic on U , then f\y is strongly subharmonic on each 
subdomain V G U with V G U. If the measures |Ay(/)|(V) are uniformly 
bounded for all simple subdomains V G U , then f is strongly subharmonic 
on U. 

Before giving the proof, we will need several lemmas. 

If V is a simple domain, then either V is a disc with a single boundary 
point x, or a punctured disc B(a 1 , ri)7\U^ 2 ^( a i) r «)c w hh boundary points 
xi, . . . ,x m . In that case the main dendrite of V is the graph T whose 
endpoints are xi, . . . ,x m . (By an endpoint of V, we mean a point with a 
single edge emanating from it.) We will call dT = {xi, ... , x m } the boundary 
of T, and To = T\<9r the interior of T. Note that V can be recovered from 
T, indeed if r r : PB crk — > T is the retraction map, then 



V = r r \T ) 
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Conversely, if T C P^rk * s a subgraph, we will call V = r r 1 (r ) the domain 
associated to T. Clearly dV = dT, and T is the main dendrite of V. 

Lemma 6.2. Let U C P^rk ^ e a domain. 

If T C U is a subgraph, then the associated domain V = r^ 1 (T ) is a 
simple subdomain of U if and only if rr{dU) C dT. 

A disc V is a simple subdomain of U and only if its boundary point x 
belongs to U and dU fl V = 0. 

Proof: If r r (dU) C dT, then V = r^fTo) is a connected open set with 
dU fl V = 0. Since U is connected and T C U , necessarily V C U . Since 
r C U and dV = dT, it follows that V C U . Conversely, if V is a simple 
subdomain of U and T is the main dendrite of V, then rp 1 (ro) C U. Since 
dU n U = 0, it follows that dU C r^(dr). Thus r r (9C/) C dT. 

If a disc V = B(a,r)^ is a simple subdomain of V then by definition 

V C C/ so {x} = dV C [/, and 9C/nF = so dUHV = 0. Conversely, if V 
is a disc with {x} = dV C C/, then V D C/ is nonempty. Since V is one of the 
connected components of rf 1 (x)\{a;}, if 9C/ fl V = 0, necessarily V C U. It 
follows that V CU. □ 

Lemma 6.3. Lei U C P^rk ^ e open. 

If V is a simple subdomain of U , then there is a simple subdomain W of 
U with V C W C U . Moreover, W can be chosen so that for each xi G dV 
which is not of type IV, there is a point Wj G dW with ry(wj) = Xi. 

Proof: Write dV = {x 1: . . . , x m }. For each x i: choose a simple subdomain 
Vi of U which contains Xj. Such a Vi exists, since dU is closed and disjoint 
from Xi, and punctured discs are cofinal in the open neighborhoods of X{. 
Put W = VU^i. Then W is connected and open, and dW C U^dVi C U 
is finite, so W is a simple subdomain of U . Clearly V C W. 

Write dW = {w±, . . . , %}. If there is some Xi which is not the retraction 
to V of any Wj, and Xi is not of type IV, then the component of P^erA^ 
containing Xi is a nonempty closed disc contained in W. By removing a 
proper closed subdisc of that disc from W, we would obtain a simple subdo- 
main W of U with V C W, and having a boundary point whose retraction 
was Xi. Doing this sequentially for each Xi gives the result. □ 

Lemma 6.4. Let g : (a,b) — > R &e a function such that for each t G (a, 6), 
6ot/i one-sided derivatives g'_(t) = \im h ^ -(g(t + h) — g{t))/h and g' + (t) = 
\im.f l ^o+(g(t + h) — g(t))/h exist. Suppose that 

A) g'_{x) < g' + {x) for each x G (a,b), and 

B) g' + {x) < g'_(y) for each x, y G (a, b) with x < y. 
Then g(t) is convex up on (a, b). 
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Proof: Note that g(t) is continuous, since the left and right derivatives 
exist at each point. Fix x, y G (a, b) with x < y, and let 



be the line through (x,g(x)) and (y,g(y)). We claim that g{t) < L XtV (t) for 
all x < t < y. Suppose to the contrary that there is a point z G (x, y) where 
g(z) > L Xty (z). Put a = (g(z) - g{x))/{z - x), f3 = (g(y) - g{z))/{y - z). 
Then a> [3. 

We claim there are a point u G (x,z) where g' + (u) > a, and a point 
v G {z,y) where g'_{v) < (3. This contradicts g' + {u) < g'_{v). 

First consider the interval (x,z). Let L XjZ (t) = a ■ (t — x) + g(x) be 
the line through (x,g(x)) and (z, g(z)), and put /(£) = g(t) — L XfZ (t). Then 
/(x) = f(z) = 0. We will now apply the argument in Rolle's theorem. Since 
f(t) is continuous, there is a point u G (x, y) where / achieves a maximum 
or a minimum. If u is a minimum, then f'_(u) < and f' + {u) > 0, so 
g'_{u) < a and g' + {u) > a. If w is a maximum, then f'_(u) > and 
^ 0, so ^(w) > ct and ^(m) < a. Since > g'-(u) it must be 

that g'_(u) = g' + (u) = a. In either case we have a point u where g'_{u) < a 
and g' + {u) > a. This second inequality is the one we want. 

Next consider the interval (z,y). By the same reasoning as before, there 
is a point v G (z,y) where g'_{y) < (3 and g' + (v) > (3. This time it is the 
first inequality that we want. □ 

Lemma 6.5. Let T be a metrized graph, and take f G BDV(r). Let A r (/) + 
and A r (/) _ be the positive and negative measures in the Jordan decompo- 
sition of Ap(/). Then either f is constant, or it achieves its maximum at 
a point of supp(Ar(/) + ) and its minimum at a point o/supp(Ar(/)~). 

Proof: Recall that each / G BDV(T) is continuous (Lemma 5.7(A)). Let 
x\ G T be a point where f(x) achieves its maximum, and let Ti be the 
connected component of {x G T : f(x) — f(xi)} containing x 1 . If F 1 = T, 
then f(x) is constant. If F 1 ^ T, let x be a boundary point of IY 

We claim that x G supp(Ap(/) + ). Suppose not. Let p{x,y) be the path 
distance metric on T. Then there is a neighborhood T xo (e) = {x G T : 
p(x,xo) < e} with Ar(/)|r 1E0 (e) < 0. After shrinking e if necessary, we can 
assume that r xo (e) is a star, a union of half-open segments [xo,x + evi) 
where the v~l are the direction vectors at xq. Since f(xo) is the maximum 
value of f(x) on T, necessarily d^ i f{xo) < for each i. If dff i f(xo) < for 
some i, then 



L x ,y(t) 



g(y) - g(x) 



■(t-x)+ g(x) 



y-x 



Ar(/)(x ) 



Y,dvJ(x ) > 



contradicting x ^ supp(A r (/) + ). Hence d^f(x ) = for each i. 
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Since xq is a boundary point of Ti, there is a point y G F Xo (e) where 
fiVo) < f(xo). Let i be such that y G e { = (x ,x + evi). As A r (/)|r lt0 ( e ) < 
0, it follows that Ar(/)| ej < 0. For each y = xq + tvl G e*, there are two 
direction vectors at y: write v + for the one that leads away from xq, and V- 
for the one that leads towards xq. 

By the definition of Ar(/), for each y G e« 

> A r (/)(y) = -dv_f(y)-dv + f(y) 
so d$ + f(y) > —d$_f(y). Similarly, for each open subsegment (2/1,2/2) C e*, 
> Ar(/)(( yi ,y 2 )) = d, + f( yi )+d,_f(y 2 ) 

so -dv_f(y 2 ) > tfe+Zfai). 

For the function g(t) = /(x + ^), we have <?!_(i) = —d$_f(y) and 
= d$ + f(y). By Lemma 6.4 / is convex up on e^. Since d^ i (f)(xo) = 0, 
/(xo + t^i) is nondecreasing in t. Hence f(yo) > f(x ), a contradiction. 
Thus Xo G supp(Ar(/) + ). 

The case of a minimum is similar. □ 

Lemma 6.6. Let f be subharmonic on a domain U C P^rk- Then f(x) 7^ 
-00 on U\¥\C V ). 

Proof: Suppose f(xi) = —00 for some x 1 G f/\P 1 (C 1) ). We will show that 
f(x) = —00 on U, which contradicts the definition of subharmonicity. 

Fix x G U with x 7^ x±, and take a simple subdomain V\ of C/ which 
contains x and Xi. Let V be the connected component of which 
contains x. Then V is a simple subdomain of U with boundary 
point, which contains x in its interior. (Note that this uses xi £ P 1 (C t ,)). 

If X\ is the only boundary point of V, then V is a disc. In that case, by 
Lemma 5.12, each harmonic function on V is constant and is determined by 
its value on dV = {xi}. Since f(z) is subharmonic and f(xi) = —00, we 
have f(z) < C on V for each Cel. Thus f(x) = -00. 

If xi is not the only boundary point of V, let T be the main dendrite of 
V, and let dT = {xi, . . . , x m }. Fix numbers A 2 , . . . , A m with > f(xi) 
for each i. Given Ai G M, Poisson's formula (Proposition 5.19) constructs a 
harmonic function 

m 

i=i 

on V, where ^(2) is the harmonic measure with h^Xj) = 1, hi(xj) = 
for each j 7^ i. Here < /ij(z) < 1 on V, otherwise hi(z) would achieve 
its maximum or minimum value on the interior of V, contradicting the 
Maximum Principle (Proposition 5.13). Fixing z and letting A\ — > —00, we 
see that Ka-Sz) — > —00. Since / is subharmonic on V, again f(x) = —00. 
Since x G U is arbitrary, we have shown that f(x) = — 00 on U. □ 
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Lemma 6.7. Let f be subharmonic on a domain U C Pecrk- tf^ C U is a 
subgraph for which V = rf 1 (r ) is a simple subdomain of U , then for each 
p G T and each direction v at p, the directional derivative d$f(p) exists and 
is finite. In particular, the restriction of f to T is continuous. 

Proof: By Lemma 6.2, rr(dU) C dT. In the argument below we will want 
to consider subgraphs FcT for which the associated domain V = rf/tTg) 
is also a simple subdomain of U. 

There are two types of V for which this is assured. One is if V = [a, b] 
is a segment contained in an edge of T (that is, no branch point of T is 
contained in T' Q ). The other is if V = T XQ (e) = {x G T : p(x,x ) < s} is a 
closed neighborhood of a point xq G T, for some e > 0. If e is small enough, 
then T' is a star, a union of closed segments [xq, Xj\ for % — 1, . . . m. In either 
case, r r ,r'(dr) C dF', so r r (dU) C dT' . 

By Lemma 6.6, f(x) G R for all xeT. 

By abuse of notation, write / for We will first show that for each 
p G T, and each v at p, the derivative d^f(p) exists in MU{— oo}. Fix p and v. 
For each sufficiently small T > 0, the segment T' = [p,p + Tv\ corresponds 
to a simple subdomain of U . The harmonic function on U whose values 
agree with those of f(x) at p and p + Tv is linear on r' and is given by 

Hp + tv) = (1 - ■ f( P ) + t --f{p + Tv) . (6.1) 

for < t < T. Since / is subharmonic, f(p + tv) < h(p + tv) for all t. Using 
(6.1), this gives 

f(p + tv)-f(p) < f(p + Tv)-f(p) 

Hence 

d,M = hm /(P + i ;>' /(p) (6.3) 

exists in RU { — oo}, since the limit on the right side is non-increasing. 

Next, we will show that if p dT, then d$f(p) ^ — oo. Since p dT, 
for sufficiently small T > 0, the star T' = T P (T) is a subgraph of T with 
p G T' Q . Let X\, . . . ,x m be its endpoints, where m > 2, and let V\, . . . ,v m 
be the direction vectors at p, so T' = U™ 1 [p, p + Tvi\. Without loss, suppose 
v — V\. We claim that for each < t < T, 

f(p + tv)-f(p) ^ j^ f(x t )-f(p) _ (g 4) 

* i=2 ^ 
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If this fails for some t, then 

f{p) > T+(m-l)-t • (6 - 5) 

Consider the subgraph T" = \p,p + tv\ U (U^tl^P + ^?i])> which cor- 
responds to a simple subdomain V" C U with boundary points x" = 
p + tv,X2, ■ ■ ■ , x m . The harmonic function h(z) on V" with 

/i(xi') = /K) , h{ Xi ) = f( Xi ) for i > 2 , 



satisfies 



which leads to 



T+(m-l)-f JXy> 
This contradicts the subharmonicity of f(x). By (6.4), the right side of 

, f ( , y f(P + tv)-f( P ) 

d*f(p) = hm 

is bounded from below, so d$f{p) > — oo. 
It remains to consider points p G dT. 

First suppose p G dT\rr(dU). There is a single edge e of T emanating 
from p; let x approach p along this edge. For each x, let V x be the connected 
component of Pg crk \{a;} containing p. Then V x is a disc with dV x = {x}. 
Since x ^ rr(dU), it follows that C C/, and so V x is a simple subdomain 
of U. Let be the harmonic function on V x with h(z) = f(x) for all z G \4- 
Since / is subharmonic, f(z) < f(x) for all z G V x . Thus, /(x) is decreasing 
as x — > p. If w is the unique direction vector at p, it follows that 

i.M = Hm /(P + t ';'- /(rt > . (6.6) 

Finally, suppose p G rr(dU) C <9r. Let v be the unique direction vector 
at p, and write dT = {xi, . . . ,x m }. Without loss, suppose p = x±. Let 
W C U be a punctured disc containing p but not x 2 , . . . , x m , such that W 
is contained in U. Recalling that V = r^(T ), put V = W U V. Then V is 
a connected open set with a finite number of boundary points whose closure 
is contained in U, so it is a simple subdomain of U. Let T be the subgraph 
spanned by dV . Then r C T, since {x 2 , . . . ,x m } remain boundary points 
of V, and if x is a boundary points of V which is not contained in V, then 
the path from x to each Xi, i = 2, . . . , m, passes through p. 
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^From this we see that p is an interior point of T. By what has been shown 
above, d^f(p) is finite, when / is regarded as a function on T. However, 
dvf(p) depends only on the restriction of / to T. Thus it is finite. □ 

Lemma 6.8. Let f be subharmonic on a domain U C PB erk . If T C U 
is a subgraph for which V = rf 1 (ro) is a simple subdomain of U , then 
/|r G BDV(r) and A r (/) + C r v \dU) C dV. 

Proof: We have seen in Lemma 6.6 that f(x) G K for all xeT, and in 
Lemma 6.7 that d^f(p) exists and is finite, for all p G T and all directions v 
at p. Thus, A r (/) exists as a finitely additive set function on the Boolean 
algebra A(T) generated by the open, closed and half-open segments in T. 

We first claim that A r (p) < for each p 6 T . Suppose not, and fix 
p £ To with A r (p) > rj > 0. Since p e r , there are at least two edges 
emanating from p. Let e > be small enough that the closed neighborhood 
r p (e) is a star. If vi, . . . ,v m are the direction vectors at p, then 

m 

£d*/(p) = -A r (/)(p) < -77. (6.7) 

i=i 

Since d^J{p) = \im t ^ + ( f (p+tvl) — f(p))/t G M, for each i there is a number 
< ti < e such that for qi = p + tiVi 

Hence E^i(/(5i) - /(p))/*i < 0, which gives 

ftp) > ■ ( 6 - 8 ) 

Put r' = U^fp,^]. Then 1/' = rf, 1 ^) is a simple subdomain of C/. Let 
h(z) be the harmonic function on V with = /((&). Since A r (h)(p) = 0, 
we have 

= E E ^y* . (6.9) 

Combining (6.8) and (6.9) contradicts the subharmonicity of /. 
Thus for each p G r , 

Ar(/)(p) = -E^/W ^ °- ( 6 - 10 ) 

i 

If p is an endpoint of T which does not belong to r r (dU), and if v is the 
direction vector at p, it has already been shown in (6.6) that d$f{p) > 0. 
Hence for such points as well, 

A r (/)(p) = -dvf(p) < . (6.11) 
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Now consider an open segment (x, y) contained in an edge of Y. Put 
T" = [x,y\. The associated subgraph V" is a simple subdomain of U with 
boundary points x, y. Let h(z) be the harmonic function on V" with h(x) = 
f(x), h(y) = f(y)- Let T = p(x,y) be the length of T" and put a = 
(fin) ~~ f( x ))/T- The restriction of h(z) to T" is linear, and f(z) < h(z) for 
all z G T. Let v + be the direction vector at x pointing to y, and let V- be 
the direction vector at y pointing to x. Then 

d,J(x) = lim f±±lM^M < lim Hx + tv + )-h(x) = 
dc f(y) = hm ^ + **-)-/(*) < l im h(x + tv + )-h(x) = _ a 

so the segment (x, y) has measure 

A r (f)((x,y)) = d v -J(x) + d v -_f(y) < 0. (6.12) 

We can now show that / G BDV(T), i.e. that Ar(/) extends to a bounded 
Borel measure on T. By the discussion in Section 5, we must show there is 
a number B such that for any countable collection {Tj} of pairwise disjoint 
sets in A{T), 

oo 

EIM/XTOI < B. (6.13) 
i=i 

Since each Tj can be decomposed as a finite disjoint union of points and 
open intervals, it suffices to prove (6.13) under the assumption that each Tj 
is a point or an open interval. Since V has only finite many edges, endpoints, 
and branch points, it also suffices to prove (6.13) assuming that all the Tj 
are contained in the interior of an edge e = [a, b}. 

In this case the fact that A r (/) is finitely additive, with A r (/)(p) < 
and A r (/)((£, y)) < for each point p and open interval (x, y) contained in 
(a, b), means that for any finite sum 

n n 

E|Ar(Tj)| = -£A r (T) < |A r ((a,&))|. 
i=i i=i 

Letting n — > oo gives (6.13). The argument also shows that A r (/) is < 
on r\r r (dC/). Hence supp(A r (/) + ) C r v {dU). □ 

We can now prove Proposition 6.1. 

Proof: (of Proposition 6.1): 

First suppose / is strongly subharmonic on U. We will show it is subhar- 
monic. Since / is strongly upper semicontinuous on U, it is upper semicon- 
tinuous. Let W be a component of U. Since / G BDV(W), it follows that 
f(x) is finite on each subgraph T cW, hence f(x) ^ — oo on W. It remains 
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to show that if V is a simple subdomain of W, and if h(z) is harmonic on 
V and satisfies h(x) > f(x) on dV, then h(z) > f(z) on V. 

First assume V is a disc, and let x be its boundary point. For each p G V, 
let [x, p] be the path from x to p. 

First suppose p G \^\P 1 (C W ). Then [x,p] is a subgraph T, and rp(cW) = 
{x} C (9r. By the definition of the measure A^(/), 

Ar(/) = (r Wjr ),(A Tr (/)) . (6.14) 

We are assuming A^(/)| w < 0, so A r (/) < on r\{x}, and 

supp(A r (/)+) C {x} . 

By Lemma 6.5, either / is constant on T, or f(z) takes its maximum on T 
at x. In either case, f(x) > f(p). 

Next suppose p E V P\ P 1 (C„). By what has just been shown, f(x) > 
f(q) for each q G V A \P 1 (C„). By condition (A) in the definition of strong 
subharmonicity, 

f(p) = limsup /(g) < f(x) . 

q^p 

Each harmonic function h on V is constant, so if h(x) > f(x), then h(z) > 
f(z) for all zeV. 

If is a simple subdomain corresponding to a subgraph T C VF, then 
by Lemma 6.2, r r (9W) C 9r. As before, A r (/) = (r w r )*(A w (f)) and 
A^(/)| w <0, so 

A r (/) + C r v {dW) C 9r . 

Let h(z) be the harmonic function on V for which /i(x) = f(x) on (9V". Then 
Ay(h)\v = 0, so by coherence 

A r (h) = r v<r (A v (h)) 

is supported on ry T {dV) = dT. 

Put g(z) = f(z)'-h(z). Then g{x) = on dT, and A r ( 5 )|r = A r (/)|r < 
0, so A r (g) + C dT. By Lemma 6.5, ^(2) < on T, that is h(z) > f(z). 

For each z G V^\r, there is a unique x G T such that z belongs to a branch 
off T at x. Let 14 be the connected component of V^\{a;} containing z. Then 
V x is a disc. By the same argument as before, f(z) < f(x), and since each 
harmonic function on a disc is constant, if h is harmonic on V x and satisfies 
h(x) > f(x), then h(z) > f(z). 

Thus, if / is strongly subharmonic, it is subharmonic. 

Now suppose / is subharmonic on U . We will show it is strongly subhar- 
monic on each subdomain V C U with V C U . 
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It suffices to prove this for simple subdomains, since an arbitrary sub- 
domain V with V C U is contained in a simple subdomain V. (Cover V 
with a finite number of punctured discs whose closures are contained in U, 
and let V be their union. V is connected since V is connected and each 
punctured disc is connnected; V C U; and dV is finite, since the boundary 
of each punctured disc is finite.) If / is strongly subharmonic on V, then 
it is strongly subharmonic on V since 

MiO = (r Vy UA v if)) . 

So, let V be a simple subdomain contained in a component W of U. We 
will first show that / G BDV(V). Let r C V be an arbitrary subgraph. We 
must show that / G BDV(T), and that there is a bound B independent of 
T such that |Ar(/)|(r) < B. We will do this by enlarging T to a graph Y 
which contains all the boundary points of V, and applying Lemma 6.8. 

If V is a disc, let x be its boundary point. Fix q G T, and let [x, q] be the 
path from x to q. It first meets T at a point p. Put F — F U [x,p\, and let 
V = r^" 1 (r ) be the domain associated to F. Since r C V, and x is the only 

boundary point of V, clearly V C V. Hence the closure of V is contained 
in V, which in turn is contained in W, so V is a simple subdomain of W. 
By Lemma 6.8, /| f G BDV(f), and A f (/)+ C r t (dW) = {x}. 

Since x is an endpoint of T, there is a single direction vector v at x, and 

A f (/)(x) = -<**/(*) . 

Because x is the only point where Af (/) can have positive mass, and since 
Af (/) has total mass 0, we see that 

|A f (/)|(f) = 2.\def(x)\ (6.15) 

Put B = 2 • We claim that B independent of the graph T. Indeed, 

for any two points p,p' G V, the paths [x,p] and [x,p'] must diverge at a 
point i/ 6 y and hence have an initial segment [x, y] in common. This is 
because V is connected: if the paths diverged at x, then since x ^ V, p and 
p' would lie in different components of V. 
Taking the retraction to T, we see that 

Ar(/) = (rf, r )*(A f (/)) 

has total mass at most B. Since T is arbitrary, / G BDV(V). Furthermore, 
Ap(/) + is supported on Ty r (x) = p. 

Since Ap(/) = (r^ r )(A^(/)) for each T, taking the limit over subgraphs 
T shows Ay(/) + is supported on x, that is, A^(/)|y < 0. 

Next suppose V is a simple subdomain of W associated to a graph V. 
Thus, r' is the main dendrite of V, and dV = dV. 
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Let r C V be an arbitrary subgraph. If T intersects V, put f = T U V; if 
not, take x E T' and p E T, and put T — V U [x, p] U V. Let V be the simple 
domain associated to f. Since all the boundary points of V are contained 
in <9r, it follows that V C V. Thus, V is a simple subdomain of W. By 
Lemma 6.8, /| f E BDV(f), and 

A f (/)+ c r t (dW) c dV = dV c df . 

Write dV = {xi, . . . ,x m }. Since each Xi is an endpoint of T, there is a 
single direction vector Vi at x iy and 

A f (/)(xi) = -<k.f(xi) . 

The are the only points where Af (/) can have positive mass. Since A r (/) 
has total mass 0, we see that 

m 

|A f (/)|(f) = 2.^|^/(^)| (6.16) 

i=i 

The right side of (6.16) is a bound B independent of the graph V. 
Taking the retraction to T, it follows that 

Ar(/) = (r f) r)*(A f (/)) 

has total mass at most B. Since V is arbitrary, / E ~BDY(V). Furthermore 
Ar(/) + is supported on ry r (dV). Since 

Ar(/) = (rv >r )(Ap</)) 

for each T, taking the limit over subgraphs T shows Ay(f) + is supported 
on dV, that is, A v (f)\ v < 0. 

It remains to show that / is strongly upper semicontinuous, and that 

f(p) = limsup f(z) (6.17) 

z— >p 

for each p E V fl P 1 (C t) ). By assumption / is upper semicontinuous, so for 
each p E V 

f(p) > limsup/(z) . (6.18) 

Fix p E V; first suppose p E P 1 (C 1) ). Fix y E V, and let x approach p 
along the path [y, p\. lix is close enough to p, then the connected component 
V x of Pg crk \{a;} containing p is a disc whose closure is contained in W. Since 
/ is subharmonic, f(z) < f(x) for all z E V x . These discs V x form a cofinal 
sequence of neighborhoods of p, so 

f(p) < limsup f(z) = lim f(x) . 

xe[y,p) 
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Combined with (6.18), this shows / is strongly upper semicontinuous at p. 
It also establishes (6.17), and indeed shows that 

f(p) = lim f(x) . (6.19) 

xe[y,p) 

Now suppose p G V A \P 1 (C 1) ), but assume p does not belong to the main 
dendrite of V. If V is a disc, let x be the unique boundary point of x; 
otherwise, let x be the point on the main dendrite of V where the branch 
containing p is attached. Consider the path T = [x,p\. It is a subgraph of 
W, and rr(dV) = x. The domain associated to T is a simple subdomain of 
W, so /|r is continuous by Lemma 6.7. Thus 

Kmf(y) = f{p) . (6.20) 

For each y G (x,p), the connected component V y of P^rkM?/} containing p 
is a disc with closure V y C V. Since / is subharmonic, f(z) < f(y) for all 
z G V y . Combined with (6.20), this shows limsup 2 ^ p f(z) < f{p). Hence / 
is strongly upper semicontinuous at p. 

Finally, suppose p belongs to the main dendrite Y of V . Since V is a simple 
subdomain of W, Lemma 6.7 says / is continuous on T. Given e > 0, take 
a neighborhood T p (rj) = {x G T : p(x,p) < r/} where f(x)(f(p) + e. Put 
T' = T p (r)). Since p G r , we can assume without loss that T' C T . Then 
rr'(9V) C dT', so V' = ^/(r^) is a simple subdomain of V. As we have 
seen before, f(z) is non-increasing on branches off the main dendrite, so 
f(z) < /(p) + £ fc> r ah ^ V 7 . Since e > is arbitrary, 

lim sup f(z) < f(p) . 

Combined with (6.18), this shows / is strongly upper semicontinuous. 

The final assertion in Proposition 6.1 is that if the measures \ Ay(f)\(V) 
are uniformly bounded for all simple subdomains V of U, then / is strongly 
subharmonic on U. 

This is trivial. Fix a component W of U. Since simple subdomains 
exhaust W, each subgraph r C W is contained in some simple subdomain 
V, and A r (/) = r^ r (Ay(/)). Thus the measures |A r (/)| are uniformly 
bounded, so / G BDV(Vr). For each V, the retraction map r^y takes 
to dV and fixes V. Hence A w (f)\ v = A v (f)\V. Since A F (/)|„ < 0, it 
follows that Ayy(f)\w ^ 0. Finally, the semicontinuity assertions for / on 
W follow from those on the subdomains V. □ 

We record the following facts shown in the proof of Proposition 6.1: 
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Corollary 6.9. Let f be subharmonic on a simple domain U. Then f(x) 
is non-increasing on paths off the main dendrite of U. If U is a disc, then 
f(x) is non-increasing on paths away from the boundary dU = {q}. 
For each p G U D P 1 (C^), and for any path [y,p] C U 

Jim f(x) = f(p) . 
xe[y,p) 

A function / : U ^ P U {00} will be called strongly superharmonic on 
U if — / is strongly subharmonic. It will be called superharmonic if — / is 
subharmonic. These concepts can be reformulated via lower semicontinuity 
and submajorization by harmonic functions, as in Definition 6.2. 

Here are some examples of subharmonic and superharmonic functions. 

Example 6.1. A function / : U — ■> K is harmonic in an open set U C P Berk 
if and only if is both subharmonic and superharmonic. 

The only functions which are subharmonic on all of are the constant 
functions. Indeed, a function f(x) subharmonic on all of PB erk is strongly 
subharmonic by Proposition 6.1, hence A P i (/) < 0. Since the total mass 
of the Laplacian is 0, this means A P i k (/) = 0. Thus, / is harmonic on 
Pg erk and so is constant. 

Example 6.2. For fixed o,( e P^rk w hh a ^ (, f(x) = log v (5(x, a)^) is 
strongly subharmonic in PBcrAIC}"! an d strongly superharmonic in PB C rk\{ a }- 
Indeed, 8(x, a)^ is continuous by Proposition 3.10, and 

Api erk (l°g„(<Kz,a)c) = 6 c (x)-6 a (x) 

by Example 5.2. 

Correspondingly, — \og v (5(x, a)^) is strongly superharmonic in PB er k\{C}> 
and is strongly subharmonic in PB er k\{ a }- 

Example 6.3. If / e C V (T) is a nonzero rational function with divisor 
div(/) = J2iL\ niS ai (x), let supp~(div(/)), supp + (div(/)) be its be its polar 
locus and zero locus, respectively. Then log„([/] :r ) is strongly subharmonic 
on P Berk \supp~(div(/)) and strongly superharmonic on P Bcrk \supp + (div(/)). 
Likewise — log„([/] x ) is strongly superharmonic on P Bcrk \supp _ (div(/)) and 
strongly subharmonic on P Bcrk \supp + (div(/)). 

These assertions follow from the continuity of [f] x and from Example 5.3. 

Example 6.4. If v is a probability measure on P Berk and ( ^ supp(z/), 
then the potential function u u (x,() is strongly superharmonic in P Berk \{C} 
and is strongly subharmonic in P Bcrk \supp(z/). These assertions follow from 
Proposition 4.7 and its proof, and Example 5.4. 
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Example 6.5. If E C PB crk is a compact set of positive capacity and ( E, 
then the Green's function G{z, C; E) is strongly subharmonic on PB cr k\{C}- 
Indeed, if /i^ is the equilibrium distribution of E with respect to (, then 
G(z,C,E) = V < (El)-u K (z,Q. 

6.2. Locality. 
Subharmonicity is a local property: 

Proposition 6.10. Let U C P Bc rk ^ e °P ere - A function f : U -^1U {— oo} 
is subharmonic on U if and only if for each x G U , there is a neighborhood 
V x of x in U such that f\y x is subharmonic on V x . 

Proof: Only the direction (<=) requires attention. Suppose that for 
each x G X there is a neighborhood V x such that / is subharmonic on V x . 
Then / is upper semicontinuous on U, and f(x) ^ — oo on any connected 
component of U, since these properties hold for the V x . 

It remains to show that if V is a simple subdomain of U, and if h(x) is 
a harmonic function on V with h(x) > f(x) on dV, then h(x) > f(x) on 
V. For each V X) there is a simple subdomain W x of V x with x G W x . By 
Proposition 6.1 / is strongly subharmonic on W x . Since V C U is compact, 
we can cover 1/ with a finite number of sets W X1 , . . . , W XM . Let VF be their 
union. We claim that / is strongly subharmonic on W. Property (A) in the 
definition of strong subharmonicity is automatic, since it is inherited from 
the W Xi . For property (B), note that / G BDV(W) since / G BDV(W X .) 
for each i. Since / is strongly subharmonic on W Xi 

&w(f)\w Xi = {r WWx )^ w {f))\ Wxi = A Wx if)\ Wxi < 

so A-^(f)\w < since the W Xi cover W. Thus / is strongly subharmonic 
onlf. 

By Proposition 6.1, / is subharmonic on W . However, V C W, so V is a 
simple subdomain of W. By (E) in definition of subharmonicity, f(x) < h(x) 
on V. □ 

6.3. Stability properties. We will now show that subharmonic functions 
on PB crk are stable under the same operations as classical subharmonic func- 
tions (see [19], p.49). 

Recall that if / : U — > R is a function on a topological space U which is 
locally bounded from above, then the upper semicontinuous regularization 
f*(x) of f(x) is defined by 

f*(x) = max(/(x),limsup/(2;)) . 

It is easy to check that f*(x) is upper semicontinuous, and that if g is upper 
semicontinuous and g > /, then g > f*. In particular (/*)* = /*>/• 



BERKOVICH LINE 



99 



If U C ^Berk i s °P en ) we w iH write SH(C/) for the set of subharmonic 
functions on U . 

Proposition 6.11. Let U C P^ crk be open. 

A) SH(£7) is a convex cone: if < a, f3 G K, and if f,g G SH(£/) ; then 
af + (3g GSH(C/). 

Z?) connected, and if {fj}j&i is a decreasing sequence of functions 

mSH(£/) ; put f(x) = Hindoo fj(x). Then either f G SH(f/) ; or f(x) = — oo 
on £/. 

C) If {fj}j € fq is a sequence of functions in SH(£7) which converge uni- 
formly to a function f : U — > R on compact subsets of U, then f G SH(£7). 

£>) ///, g G SH(E/), toen max(/ )5 ) G SH(C/). 

a family of functions in SH(£7) which is locally bounded 
from above, and if f(x) = sup a f a (x), then f*(x) G SH(£7). Furthermore 
f*( x ) = f( x ) for all x G U\P\C V ). 

F) If U is connected and {f n } n >o is a sequence of functions in SH(£7) 
which is locally bounded from above, put f(x) = limsup^^ f n (x). Then 
either f(x) = — oo on U, or f*(x) G SH(£7). Furthermore f*(x) = f(x) for 
allxe U\F\C V ). 

Proof: Except for the last assertion in (E), the proofs of these are the 
same as their classical counterparts, and rely on general properties of semi- 
continuity and domination by harmonic functions. 

(A) If /, g G SH(£7) then / and g are upper semicontinuous, and af+/3g is 
upper semicontinuous since a,j3 > 0. Neither / nor g is — oo on L r \P 1 (C 1) ), 
so af + (3g ^ — oo on L r \P 1 (C 1 ,), and certainly af + (3g ^ — oo on any 
component of U. If V is a simple subdomain of U, let dV = {x 1: . . . ,x m }. 
Suppose h is harmonic on V with h(xi) > af(xi) + (3g(xi) for each i. Let 
hi be the harmonic function on V with h\(xi) = f(xi) on dV, and let h 2 be 
the harmonic function on V with h 2 (xi) = g(%i) on dV . Then h\(z) > f(z) 
on V, and h 2 (z) > g(z) on V. Put H = h — ah\ — (3h 2 . Then H(xi) > on 
dV, so by the Maximum Principle for harmonic functions, H(z) > on V. 
Hence af(z) + (3g(z) < ah^z) + (3h 2 (z) < h(z) on V. 

(B) Suppose U is connected, and let {fj}j € ^ be a decreasing sequence of 
subharmonic functions on U. Put f(z) = lim^oo fj(z). Then / is upper 
semicontinuous since each fj is. By the same argument as in Lemma 6.6, 
either f(x) ^ -oo on U\P\C V ), or f(x) = -oo on U. 

Suppose / ^ — oo. If V is a simple subdomain of U and h is a harmonic 
function on V with f(xi) < h(xi) on the finite set dV, then for each e > 
there is an iV such that < h(xi) + e and all a;; G dV . It follows that 

/(z) < /aK- 2 ) < M- 2 ) + e on V. Since e > is arbitrary, f(z) < h(z). 
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(C) Suppose {ijjjeN is a sequence of subharmonic functions converging 
uniformly to a function / : U ^Ron compact subsets of U. Since each fj is 
upper semicontinuous, / is upper semicontinuous. By hypothesis / ^ — oo 
on any component of U. 

Let V be a simple subdomain of U, and let h be a harmonic function on 

V with /(xj) < on dV. Take e > 0. Since dV is finite, there is an 
Ni so that fjfa) < h(xi) + e on 9V, for all j > iVi. Thus < h(z) + £ 
on V for each j > N 1 . Since the /j converge uniformly to / on compact 
subsets, there is an N 2 such that \f(z) — fj(z)\ < e on V for all j > N 2 . 
Taking j > max(iVi, N 2 ), we see that f(z) < h(z) + 2e on V. Since e > is 
arbitrary, f{z) < h(z) on V. 

(D) Suppose /, g e SH(C/), and put F(z) = max(/(z), Since / and 
g are upper semicontinuous, so is F. Since neither / nor g is = —00 on 
any component of £/, the same is true for F. If V is a simple subdomain 
of U and /i is a harmonic function on U with h(xi) > F(xj) on <9V^, then 
^(xj) > /(xj) and > ^(xj) on so > /(z) and h(z) > g(z) on 
V, which means that h(z) > max.(f(z),g(z)) = F(z) on V. 

(E) Let {f a }a£A be a family of subharmonic functions on U, and put 
f(z) = swp a (f a (z)) on U. Then /*(^) is upper semicontinuous on U. Since 
no f a is = —00 on any component of U, the same is true for /, and also 
for f* > f. If V is a simple subdomain of U and h is harmonic on [/ with 
h(xi) > f*(xi) on dV, then /i(xj) > / Q (xj) on (9V for each a E A. It follows 
that > on V for each a, so /i(^) > /(z) on V. However, h(z) is 
continuous on V, hence certainly upper semicontinuous, so h(z) > f*(z) on 

V by the properties of the upper semicontinuous regularization. 
We will now show that for each x e ?7\P 1 (C 1) ), 

/(x) > limsup/(z) . (6.21) 

z— tx 

We first construct a simple subdomain V of U such that x lies on the main 
dendrite of V. 

If x is on the main dendrite of U, let V be any simple subdomain of U 
containing x. Then x is on the main dendrite of V, and in particular is an 
interior point of the graph T with V = rf 1 (Lo). If x is not on the main 
dendrite of U, let Vq be an open subdisc of U containing x. Let xo be the 
boundary point of Vo, and let x\ G Vo\P 1 (C 1 ,) be a point such that x is in 
the interior of the path T = [x ,Xi]. Put V = rf 1 (r ); then x lies on the 
main dendrite of V. 

Next, we claim that /|r is continuous. Indeed, for each subgraph V C To 
of the type considered inthe proof of Lemma 6.7, let V be the corresponding 
simple subdomain of V . Let h(x) be the harmonic function on V whose 
value at each p e dV = dV is f(p). For each a E A and each p E dV , 



BERKOVICH LINE 



101 



faip) < fip)- Hence f a (z) < h(z) for all z G V, and in turn f(z) = 
sup a / Q (z) < h(z). By the same argument as in proof of Lemma 6.7, the 
directional derivative d$f(p) exists for each p G T and each v at p. Thus / 
is continuous on r . 

Now fix e > and let T p (5) = {q G T : p(q,x) < 5} be a neighborhood 
of £ in T on which /(g) < /(re) + e. Let V" be the simple subdomain of V 
associated to T p (5). For each a G A and each g G T p (5), f a (q) < f(x) + e. 
By Corollary 6.9, / a is non-increasing on paths off the main dendrite T p (S) 
of V", so f a (z) < f(x) + e on V". Hence f(z) = sup a f a (z) < f(x) + e 
for each z G V" . Since e is arbitrary, this gives (6.21), and shows that 

r(x) = m. 

(F) For each n, put F n (z) = sup m>n f m (x) and let F*(z) be the upper 
semi continuous regularization of F n . By the final assertion in part (E), 
F*(x) = F n (x) for each x G U\^\C V ). Then, Ff(z) > F£(z) > • • • is a 
decreasing sequence of subharmonic functions, and f(x) = limn^oo F*(x), 
so by part (B) either f(x) = — oo, or f(x) G SH(£7). □ 

Subharmonic functions are also stable under integration over suitably 
bounded families on a parameter space. 

Proposition 6.12. Let p be a non-negative a-finite measure on a measure 
space T , and let U C P^rk ^ e a domain. Suppose that F : U xT — > [— oo, oo) 
is a measurable function such that 

A) For each t G T, the function F t (z) = F(z,t) : U — > [—00,00) is 
subharmonic in U; 

B) there is a majorizing function g : T — > (—00, 00] which belongs to 
L 1 ( / u) snc/i i/ioi (2) < c/(t) /or a// t G T and all z & X . 

Then the function 

f(z) := J T F(z,t)dp(t) 

is either subharmonic in U , or is = —00 on [/. 

Proof: (See [19], Theorem 2.6.5, p. 51.) Suppose /(z) ^ —00. 

Fix rr G U, and let ^i,2; 2 ,... be a sequence converging to x. Fatou's 
Lemma, applied to the sequence of functions h n (t) = F(z n ,t) — g(t) on X, 
implies that 

/ (limsup h n (t)) d/j,(t) > limsup( / h n (t) dp,(t)) . 

JT n— >oo n— +00 JT 

However, for each t 



limsup/i n (t) = limsup(F(z n ,t)) - g(t) < F(x,t) - g(t) 

n—>co n^oo 
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by the upper semicontinuity of F t (x). Since j T g(t) d/i(t) is finite, this gives 

f(x) > limsup/(z n ) , 

n— >z„ 

so f(x) is upper semicontinuous. 

Now let V C U be a simple subdomain, with boundary dV = {xi, . . . , x m }. 
Let h be harmonic on V with h(xi) > f(xi) on dV. Let hi(z), . . . , h m (z) be 
the harmonic measures for V with hi(xj) = 5 it j. Recall that for each z E V, 
< hi(z) < 1 and YnLihi(z) = 1. Since each F t (x) is subharmonic, for 
each z E V 

m 

i=i 

Integrating over \i gives 

m m 

f(z) < J2f( x iM z ) < T, h (xi)hi(z) = h(z) 
1=1 1=1 

Thus / is subharmonic. □ 
Here are more ways of getting new subharmonic functions from old ones: 

Lemma 6.13. Let U C P^ crk be open. If f is subharmonic on U, and 
ip : R — > R is convex up and non- decreasing, then ip o f is subharmonic on 
U. (Here, ip(-oo) is to be interpreted as lim t _ > _ 00 <f(t).) 

Proof: (See [19], Theorem 2.6.6, p. 51.) Note that tp(t) can be written as 

<p(t) = sup({a • t + b : a > 0, b E R, and a ■ t + b < <p(t) for all t E R}) . 

Let A be the corresponding set of pairs (a, b) E R 2 ; then 

<P ° f(z) = sup a • f(z) + b . 

(a,b)eA 

For each (a, b) E A, we have a ■ f(z) + b E SH(Z7). By Proposition 6.11(E), 
if F(z) = ip o f(z), then F*(z) is subharmonic. 

A convex function on R is automatically continuous, since its one-sided 
derivatives exist at each point. We claim that F(z) = ip(f(z)) is upper 
semicontinuous. This holds because tp is continuous and nondecreasing, and 
f(z) is upper semicontinuous. Hence F*(z) — F(z). □ 

Corollary 6.14. Let U C P^rk ^ e °P en - 

A) If f is subharmonic on U and q > 1, then the function F(z) = q?^ 
is subharmonic on U . 

B) If f is subharmonic and non-negative on U, then for any a > 1, the 
function F(z) = f(z) a is subharmonic on U. 
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Proof: (See [19], Corollary 2.6.8, p.52). Note that t -> q t and t -> i° are 
convex up and non- decreasing, and apply Lemma 6.13. □ 

We can now give additional examples of subharmonic functions. 

Example 6.6. Fix ( G P Ber k- For each a > 0, and each a ^ (, the function 
f(x) = 8(x,a)" is subharmonic in F^orAIC}- I n particular this applies to 
S(x, a)f. More generally, for each cti, . . . ,a n > 0, and each a±, . . . , a n G 
^Berk\{C}) the generalized pseudo-polynomial 

m 

P(x,a,a) = J[5(x, 
i=i 

is subharmonic in PB erk \{C}- 

This follows from Corollary 6.14(A) and Proposition 6.11(A), taking q = 
q v , since ai ■ log v (5(x, a,)^) is subharmonic in PecrkVIC}- 

In particular, consider /(x) = 5(x,0) oo on Ag erk . It is constant on 
branches off the path [0, oo]. Give (0, oo) the arclength parametrization, 
so that x t is the point corresponding to the disc B(0, q* v ) for — oo < t < oo. 
Then f(x t ) = q\. For each disc V T ■= B(0,q^)~, the Laplacian Ay T (/) is 
supported on [0, xy]. Relative to the arclength parametrization, 

Ay T (/) = f'(x T )-6 T (t)-f"(x t )dt 

= q T v log(g w ) • *r(t) - g^(log( gt) )) 2 dt . 

The total variation of these measures grows to oo as T — > oo. Thus /(x) is 
subharmonic, but not strongly subharmonic, on Ag erk . 

Example 6.7. Consider the function ip(t) = arcsin((3 , *). It is bounded, 
increasing and convex up on [— oo, 0), with a vertical tangent at t — 0. 

Put f(x) = ^(log^^^O)^)) on [/ := B(0, 1)". By Lemma 6.13, /(x) is 
bounded and subharmonic on [/. However, it is not strongly subharmonic, 
and it cannot be extended to a subharmonic function on any larger domain. 

Example 6.8. For a nonzero rational function / G C V (T) with divisor 
div(/), the function F(x) = [f] x is subharmonic on Pg erk \supp(div(/) _ ). 

This follows from Corollary 6.14(A), taking q = q v , since log„([/] x ) is 
subharmonic on the complement of supp(div(/)~). 

Example 6.9. Let E C Pj3crk be a compact set of positive capacity, and take 
C G Pg crk \i?. Then for each a > 1, the function G(x, (; E) a is subharmonic 
inP^ erk \{C}. 

This follows from Corollary 6.14(B), taking tp{t) = t a , since G(x, (; E) is 
subharmonic and non-negative on PB cr k\{C}- 
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Example 6.10. Let fi, ■ ■ ■ , f m G Cy(T) be nonzero rational functions with 
poles supported on {d, . . . , ( d }, and let Ni, . . . , N m be positive integers. 
Then 

1 1 

g(x) = max(— log„([/i] x ), — \og v ([f m } x )) 

is subharmonic in F^UCi, • • • , C4- 

This follows from Example 6.8 above, and Proposition 6.11(D). 

6.4. The Maximum Principle and the Comparison Theorem. The 

following maximum principle holds for subharmonic functions. 

Proposition 6.15. (Maximum Principle) Let U C Picric be open. Suppose 
f(z) is subharmonic on U , and M is a bound such that for each q G dU , 

limsup f(z) < M . 

z^q 

zeu 

Then f(z) < M for all zeU. 

Proof: Since the hypothesis holds for each component of U, it suffices to 
prove the result when U is a domain. 

Fix e > 0. For each q G dU, there is a closed neighborhood W q of q 
on which f(z) < M + e. As in the discussion of the main dendrite after 
Definition 5.5, we can assume W q is a disc. Using that dU is compact, take 
W qi , . . . , W qm which cover dU . Put V — U\ U™ i W qi . Then V is a simple 
subdomain of U, and dV — {q±, . . . , q m } 

If dV = {gi} is a single point, then V is a disc and each harmonic function 
on V is constant. Since / is subharmonic, it follows that f(z) < f{q\) < 
M + e for all z G V. 

Otherwise, let T be the subgraph of U spanned by {qi, . . . , q m }; then V = 
rf 1 (r ) is the subdomain associated to T, and 9r = 9V. By Lemma 6.8, /| r 
belongs to BDV(r), and supp(A r (/)+) C r T (dU) = dV. By Lemma 6.5, 
/|r achieves its maximum at a point of supp(A r (/) + ). Since f(qi) < M + e 
for each i, it follows that f(x) < M + e for all x G V. However, Y is the 
main dendrite of V, and a subharmonic function is non-increasing on paths 
off the main dendrite, by Corollary 6.9. Hence f(z) < M + e for all z G V. 

By construction, f(z) < M + e on U nW qi for each i. Thus f(z) < M + e 
for all z E U. Since e > is arbitrary, f(z)<M on U. □ 

If /(z) and g(z) are subharmonic functions on an open set U, one can 
also ask for conditions which assure f(z) < g(z) on U. The desired result 
is called the Comparison Theorem. 

In order to formulate it, we need to generalize the Laplacian. By Propo- 
sition 6.1, if / is subharmonic on U, then it is strongly subharmonic on each 
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simple subdomain V C U. Hence Ay(f) is denned, and Ay(f)\ v < 0. It 
makes sense to write A v (f) for A^(/)|y. However, we have not denned 
Ajj(f) in general. 

Let IU be a component of £/. The simple subdomains of W exhaust W, 
and form a directed set under containment. If V\ C V2, then 

A Vl (/)k = (r F2;Fi ),(Ay 2 (/))|y = A Va (/)| Vl . 

Thus, the measures Ay(/)|y cohere to give a well-defined Borel measure 
on W. We will call this measure Aw(/). By its construction, Aw(f) is 
supported on W, and Ajy(/) < 0. It is a-finite, since W can be exhausted 
by a countable sequence of simple domains. It may or may not have finite 
total mass; its mass is finite if and only if / G BDV(W). We will write 
A[/(/) for the measure on U whose restriction to each component is A w (f). 

Proposition 6.16. (Comparison Theorem). Let U C P^rk be an °P en se ^ 
with nonempty boundary. Suppose f and g are subharmonic on U , and 

A) for each q G dU , limsup f(z) — g(z) < ; 

Z&J 

B) Au(f) < Au(g) on U. 
Then f(z) < g{z) on U. 

Proof: Consider the function h(z) — f(z) — g(z) on U. 

If we knew that h(z) were subharmonic on U, the result would follow 
from the maximum principle. Indeed, limsup 2 ^ 9 h(z) < for each q G dU, 
and for any simple subdomain V of U, we have f,g G BDV(V). Thus 
Ay(h) = Ay(f) — Ay(g), and Ay(h)\v < 0. Unfortunately, the difference 
of two upper semicontinuous functions need not be upper semicontinuous, 
so we must go back to first principles. 

Fix a simple subdomain V of U, and fix p G V. As noted above, h G 
BDV(V) and A v (h)\ v < 0. 

First suppose the main dendrite of V is nonempty, and p is on the main 
dendrite. Thus, V = rf^o) for a graph T, zndp G r . Then h T G BDV(r), 
and A r (h) = (ry r )»(Ay(/i)) is < on r . By Lemma 6.5 h\ r achieves its 
maximum at a point of dT = dV, so h{p) < max g - g gy h(qi). 

Next suppose that p G V\P 1 (C„), and that p is not on the main dendrite 
(whether or not the main dendrite is non-empty). Write dV — {q±, . . . , q m } 
and let V be the subgraph spanned by {p, q±, . . . ,q m }. Let V be the domain 
associated to V. Then V is a simple subdomain of V, so /|r, g\r, and 
h\r belong to BDV(r), hence A-p(h) = (ry r )*(Ay(/i) is < except on 
r r (dV) = {qi, . . . , q m }. By Lemma 6.5 again, h(p) < max ? , ea v h(qi). 

Finally suppose p G VnP 1 (C„). If the main dendrite of V is empty, let y 
be the unique boundary point of V. If the main dendrite of V is nonempty, 



106 



ROBERT RUMELY AND MATTHEW BAKER 



let y be the point on the main dendrite where the branch containing p is 
attached. In either case, consider the path [y,p\. We have shown above that 
h(x) < max qi< zQ V h(qi) for each x G [y,p). On the other hand, in (6.19) we 
saw that 

fip) = lw p f( x ) > g(p) = 1™ g(x) ■ 

xe[y,p) xe[y,p) 

Thus h(p) = lim h(x) < max h{qi). 

xe[y,p) 

We have now shown that for each simple subdomain V of U, h(z) achieves 
its maximum on V at a point of dV. Since limsup 2 _ >(? h(z) < for each 
q G dU, it follows by same argument as in the proof of Proposition 6.15 
that h{z) < on V. Thus f(z) < g{z). □ 

As a special case, the Comparison Theorem gives 

Corollary 6.17. Let U C P^ crk be an open set with nonempty boundary. 
Suppose f and g are subharmonic functions on U such that 

A) for each q G dU , — oo < lim sup f(z) < liminfg(,2) < oo 7 and 

z&J Z &J 

B) A v (f) < Au(g) on U. 
Then f(z) < g(z) on U. 



The proof of the Comparison Theorem yields the following useful criterion 
for equality of subharmonic functions. 

Corollary 6.18. Let V C P^rk ^ e a simple domain. Suppose f and g are 
subharmonic on V , with Ay(/) = Ay(g). 

A) IfV is not a disc, assume f(x) = g(x) on the main dendrite T ofV. 

B) IfV is a disc, let x 1 be its boundary point, and let T = [xi,x 2 ] C V 
be a segment with x 1 as one of its endpoints. Assume f(x) = g(x) on T Q . 

Then f(z) = g(z) on V . 

Proof: By symmetry, it suffices to show that f(z) < g(z). 

Put h(z) = f(z) — g(z). If V is not a disc, the first step in the proof of 
Proposition 6.16 was to show that when the main dendrite was nonempty, 
h(x) < on T ; that is assumed here. The rest of the argument showed 
that h(z) was non- increasing on branches off T Q ; that part goes through 
unchanged. 

If V is a disc, then by assumption h(x) < on r . The proof of Propo- 
sition 6.16 shows that h(z) is non- increasing on each path away from x±. 
Each such path shares an initial segment with r , so h(z) < on V. □ 
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6.5. The Riesz Decomposition Theorem. Let U be an open set in P^rk) 
and let V C U be a simple subdomain. Suppose / is subharmonic in U. By 
Proposition 6.1, / G BDV(V). Put v = -A v (f)\ v = -A v (f). Fix C $ V, 
and consider the potential function 



u u (z,() = J -log v (S(x,y) c )du(y) 



Proposition 6.19. (Riesz Decomposition Theorem) 

Let V be a simple subdomain of U C Picric- ^ x C £ PBerk\^- 

Suppose f is subharmonic on U , and put v = —A v (f). Then there is a 

harmonic function h(z) on V such that 

f(z) = h(z) — u u (z,C,) for all z G V . 

Proof: If V is not a disc, let T be the graph such that V = rp 1 (r ), so 
r is the main dendrite of V and OF = dV. Write OF = {x±, . . . ,x m }; we 
can assume the points are labelled in such a way that rr(C) — x±. If V is 
a disc, let x\ be its unique boundary point, take x<i G l / \P 1 (C t ,), and let 
T = [xi,x 2 ]. Again r r (() = x±. In either case, V\ := rf 1 (r ) is a simple 
subdomain of U, and V\ C V. 

Write F(z) = -u v (z,C)- By Example 5.4, F(z) G BDV(P^ erk ), and 

A vh e J F ) = S ( (x)-v. 

Put V = (rr)*(^)- By the definition of the Laplacian, F| r G BDV(T) and 
A r (F) = S X1 — V. Lemma 6.3 shows that there is a simple subdomain W 
of U with V C W. By Proposition 6.1, / G BDV(W), and by Lemma 
6.8, /|r G BDV(r). By the retraction property of the Laplacian, A r (/) = 
(r r )*(A Tr (/)). 

If V is not a disc, then W = V and dF = dV . It follows that 

Ar(/)|r = -V, 

so a := A r (F) — A r (/) is a discrete measure supported on dF. 

If V is a disc, then a is supported on rri since rr(W\V) — x\. In this 
case cr = 0, since the only measure with total mass supported on a point 
is the measure. 

Put h(x) = f(x) — F(x) on F, and extend h(z) to V by setting h(z) = 
h o rr(z) for all z G V. Then /i(^) is harmonic on V, since it is constant 
on branches off F and Ar(h)\r\dv — 0. Now consider the functions f(z) 
and h(z) + By construction, both are subharmonic on V and satisfy 

Av(f) = A v (h + F) = —v. Both have the same restrictions to F. By 
Corollary 6.18, f(z) = h{z) + F(z). □ 
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For future applications, it is useful to know that if / is continuous and 
subharmonic on U, then the potential function u v (z, () is continuous every- 
where. 

Proposition 6.20. Suppose f is continuous and subharmonic on an open 
set U C Pecrk- Let V be a simple subdomain ofU, and fix ( G PrctA^- 
v = — Ay(f)\v = — Ay(/). Then u u (z,() ^ continuous on all o/PB erk . 

Proof: By Corollary 6.18 there is a harmonic function h(z) on V such 
that u u (z,() — h(z) — f(z) on V. Harmonic functions are continuous, so 
u u (z,() is continuous on V. Since supp(z/) C V, u u (z,Q is also continuous 
on Pg crk \V by Proposition 4.7 (which includes continuity at (). It remains 
to show that u u (z, () is continuous on the finite set dV. 

Since V is a simple domain, each harmonic function on V has a continuous 
extension to V. By construction h(z) is the unique harmonic function on V 
such that h(xi) = f(xi) + u v (xi, () for each x; t G dV. 

Fix Xi e dV. Since / and h are continuous on V, 

lim u v (z,() = u„(xi,C) . 

Now consider the behavior of u u (z,() on each connected component of 
Pg crk \{:rj}, as z — > Xj. Each such component is a disc with Xi as its boundary 
point. One component contains V; we have already dealt with it. Suppose 
W is a component which does not contain V. If W contains (, choose a 
point p on the interior of the path from Xi to (; otherwise, let p G f/\P 1 (C, ; ) 
be arbitrary. Put T = [xi,p\. Since u u (z, C) G BDV(P^ crk ), its restriction to 
T belongs to BDV(r), hence is continuous on T. Thus 

lim u u (z,() = u v (xi,Q ■ (6-22) 

If is a component which does not contain (, then u^(z, () is harmonic 
on W, hence constant. By (6.22), u v {z,Q = u u (xi,() on W for such a 
component. 

If W is the component containing (, put W^o — r r 1 (ro); then W is a 
simple subdomain of P^rk contained in W^\{C}j and u v (z, () is harmonic on 
Wo- The main dendrite of Wo is r . Since harmonic functions are constant 
on branches off the main dendrite, 

\im u v (zX) = lim u u (z,C) = u v (xi,C) ■ (6.23) 

Combining all cases, we see that u v (z,£) is continuous at Xi. □ 

The Riesz Decomposition Theorem also gives interesting information about 
the structure of functions in BDV(?7). Definition 5.2 asserts that / G 
BDV(£7) iff /]r G BDV(r) for every subgraph T C U, and there is a uniform 
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bound B for the measures |Ar(/)|(r) for all T C U. Nothing is said about 
continuity on U, or about the behavior of / on P 1 ((□„). 

Proposition 6.21. Let U C P 1 ^) be a domain, and let f G BDV(U). 

For any simple subdomain V C U , there are subharmonic functions g, h on 
V such that f(z) = g{z) - h(z) for all z G V\F\C V ). 

Proof: Since / G BDV(C/), also / G BDV(V). Put v = A v (f)\ v , and let 
u + , v~ be the positive and negative measures in the Jordan decomposition 
of z/, so v = v + — v~ . Fix ( G PBcrk\^' an d P u ^ 

9l (z) = -u v -(z,C) , h(z) = -u u +(z,C) ■ 

Then g\ and h\ are subharmonic in PB cr k\{C} an d belong to BDV(P Berk ), 
with A P i k (gi) = S((x) — v~ and A P ^ k (^i) = $((. x ) ~~ u+ ■ Thus 

Ayfe - = v + -v~ = v . 

Put F x {z) = f\z) - ( gi (z)-hi(z)). Then Fx G BDV(V) and A^(Fi)| v = 
0. Since V is a simple domain, its boundary dV = {p±, . . . ,p m } is finite. 
Thus Ay(f) is a discrete measure supported on dV. 

If V is a disc, then 9V is a single point pi. Put F(z) = Fi(z). Since 
A 17 (F)(F) = 0, it follows that A v (F)({ Pl }) = 0, and A V (F) = 0. 

If V is not a disc, put z/ = Ay(Fi)\g V = YhLi CiS Pi (x). Here X)cj = 0. 
Fix p € P^ crk \P ( C,), and put 

m 

H{z) = J2cij P0 (z,pi) . 
i=i 

Then if(z) is continuous on P^ crk , H(z) G BDV(P^ crk ), and Ap^ (if) = 
I]™! Cj<5 Pi (x). In particular, H(z) is harmonic on V. Put F(z) = Fi(z) — 
H(z). Then F G BDV(F) and A F (F) =0. 

In either case, for each subgraph T C V, A r (F) = (ry r )*(Ay(F)) = 0. 
Hence F is constant on T. Any two points xi, x 2 G l / \P 1 (C 1) ), are connected 
by the path [xi, x-2\. Thus F is constant on l / \P 1 (C 1) ); let C be that constant. 

We have now shown that on l / \P 1 (C 1) ) 

f(z) = {g 1 (z)+C)-(h 1 (z)+H(z)) 

where H(z) = if V is a disc. Thus the theorem holds, with (/(z) = gi(z)+C 
and = + H(z). □ 

Given /, <? G EDV(U), we will say that f^g if /(*) = 0(2) on E^P^C). 
This is an equivalence relation. 
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6.6. Convergence of Laplacians. Let U be an open subset of P^rio an d 
let fi, / 2 , ■ ■ ■ be a sequence of subharmonic functions on U which converge to 
a subharmonic function F. One can ask under what conditions the measures 
A [/ (/ 1 ), Au(f 2 ), . . . converge to A V (F). 

Proposition 6.22. Let U C P^rk ^ e a domain, and let {f n (z)} ne n be 
a sequence of subharmonic functions on U. Suppose one of the following 
conditions holds: 

A) The f n (z) converge uniformly to F(z) on compact subsets of U; 

B) The f n (z) decrease monotonically to F{z), and F(z) ^ — oo on U; 

C) The f n {z) increase monotonically, and the family {/„} is locally bounded 
above. Put f(z) = lim^oo f n (z) and let F(z) = f*(z) be the upper semi- 
continuous regularization of f(z). 

Then F(z) is subharmonic on U, and the measures Ay(/„) converge 
weakly to A V (F) on each simple subdomain V C U . 

Proof: In all three cases, Proposition 6.11 shows that F(z) is subharmonic. 
Only the convergence of the measures needs to be established. 

Proof of (A). Let V C U be a simple subdomain. 

We first claim that the measures \Ay\(f n ) have uniformly bounded total 
mass. This depends on the fact that V can be enlarged within U. Write 
dV = {xi, ... ,x m }. For each xi e dV which is not of type IV, take a simple 
subdomain Wj of U which contains X{ but does not contain any Xj ^ X{. 
Let V be the union of V and these W{. Write dV = {xi, . . . , %}■ 

If V is not a disc, let T be the subgraph spanned by {x±, . . . , x m } and let T 
be the subgraph spanned by {xi, . . . , %}, so V = rf 1 (r ) and V = r^' 1 (r ). 

Then T C T, and each Xi G dV which is not of type IV belongs to r . 

If V is a disc, fix a point p G l / \P 1 (C 1) ), and let T be the segment 
Let T be the subgraph spanned by {p, x±, . . . , xm}- Then F corresponds to 
a simple subdomain of U, and has X\ in its interior. 

Take x,i G dV. When is regarded as a point of T, it has a unique 
direction vector Vi leading into T. As in (6.16) in the proof of Proposition 
6.1, the total mass |A r (/)|(r) is 

m 

|A r (/)|(r)|=2.]TK^n(^)| • 

2 = 1 

This is the same as the total mass \ Ay(f n )\(V) since A v (f) < 0. Thus, to 
bound the |Ay(/ n )|(V) it suffices to show that the \d$J n {xi)\ are uniformly 
bounded, for all i and n. 

On the other hand, when Xi is regarded as a point of T, it may have 
several direction vectors v it j, j = 1, . . . , rij. Without loss, we can assume 
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the Vij are indexed so that V{ = vn for each i. Fix T > small enough that 
for each i, j, the point q it j = xt + tVij lies on the edge emanating from Xi in 
the direction Vij. 

Consider the limit function F, and fix e > 0. Since the /„ converge 
uniformly to F on T, there is an N such that \f n (Qij) ~ F(Qij)\ < e an d 
\fn(xi) — F(xi)\ < e for all n > N and all It follows that for such i, j 
and n 

fniQij) ~ fnjxj) < (F( qij ) +e)- (F(xj) - e) ^ ^ 

Since each /„ is convex up on edges of T, for each i, j 

d^fnixi) < . (6.25) 

Thus (6.24) provides an upper bound Bij for each f n (xi) . 

If Xi E dV is of type IV, then Xi G dV and there is only one direction 
vector at Xi in both Y and Y. As was shown in (6.6) in the proof of Lemma 
6.7, dvj n (xi) > 0, so 

< d Pl f n (xi) < B a . 

If x 1 G dV is not of type IV, then Xi is an interior point of Y, and rii > 2. 
Lemma 6.8 gives > Af(/ n )(a; i ) = - E"li ^/n(^), so 

dp n f n (Xi) > -J2 d ^fn{Xi) > ~J2 B ij ■ ( 6 ' 26 ) 
3=2 3=2 

Since djj n (xi) = d^ a f n (xi), we have shown that \d^f n (xi)\ is uniformly 
bounded for all % and all n> N. 

Let B be the bound constructed above for the masses |Ay(/ n )|(l / ) with 
n > N. After increasing B if necessary, we can assume that |Ay(/ n )|(V) < 
B for all n. 

We will now show the sequence of measures Ay(f n ) converges weakly to a 
measure \x on V. For this, drop the meaning of Y used above, and recall that 
by Proposition 5.4(B), as Y ranges over all subgraphs of V, and G ranges 
over all functions in CPA(r), then the functions g(x) = Gorr(i) are dense 
in C{V). For each subgraph Y' D Y, each g(x) and each /„, Lemma 5.7(F) 
gives 

/ <?A r ,(/ n ) = / f n A r ,(g) = ( f n A r (G). 

where the last equality holds because A r /(g)| r = A r (G). Taking a limit, we 
find that 

J v 9^v(fn) = J v fnA v (g) = jf/ B A r (G). (6.27) 
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Since the f n converge uniformly to F on T, we can define a linear functional 

= J^oU^vig) = L FA v(9) = />A r (G) 

Jv Jv Jr (6.28) 

on the dense space of functions g(x) = Go rr(x) in C(V). On the other 
hand, by (6.27) 

MS) = Mm L g^v(fn) ■ (6.29) 

J y 

Since the measures \Ay(f n )\{y n ) are uniformly bounded, A F extends to a 
bounded linear functional on C(V). By the Riesz Decomposition theorem, 
there is a unique measure \i such that 

Af(^) = Lg(x) dfx(x) . 

for all g e C(V). This measure is the weak limit of the Ay(f n ). 

To complete the proof, we must show that fi = Ay(F). Since Ay(F) is a 
bounded measure on V, it suffices to check that 

Mg) = LgMF){x) 

J y 

on the dense space of functions considered above. This follows immediately 
from (6.27), with f n replaced by F. This proves (A). 

Examining the proof, we see that the argument applies under a weaker 
hypothesis, namely that for each subgraph V G U, the f n converge uniformly 
to F on T. We will use this observation to prove parts (B) and (C). 

For (B), fix a subgraph T G U. As in the proof of Proposition 6.1, 
after enlarging T if necessary we can assume that V = rf 1 (T ) is a simple 
subdomain of U. Since F is subharmonic in U, Lemma 6.7 shows that F| r 
is continuous. 

Similarly / n |r is continuous for each n. By Dini's theorem, a sequence of 
continuous functions on a compact set which converge monotonically to a 
continuous function, converges uniformly. Hence the f n converge uniformly 
to F on each subgraph T G U, and the result follows. 

For (C), a similar argument shows that since F(z) = f*(z) is subhar- 
monic on U, then for each subgraph T G U the restriction of F(z) to 
T is continuous. However, by Proposition 6.11(E), F{z) coincides with 
f(z) = lim^oo f n (z) on f/\P 1 (C lI ). Hence /|r = F\r is continuous, and 
the f n converge uniformly to F on Y. □ 

We augment this with two simple results which deal with other cases in 
Proposition 6.11. The first is immmediate by the linearity of the Laplacian. 
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Proposition 6.23. Let U C PB cr k be open. Suppose f,g G SH(C/) ; and 
0<a,/5GR. Then A v (af + (3g) = a ■ A v (f) + (3 ■ A v (g) . 

Proposition 6.24. Let U C P Bcr k be open. Suppose f(z) and g(z) are 
continuous subharmonic functions on U , with f(z) > g(z) outside a compact 
subset ofU. Put h(z) = max(/(z), g(z)) and let Z = {z G U : f(z) < g(z)}. 
Then 

A) Auih^z^Auif)^, and 

B) Au(h)(Z) = Au(f)(Z) . 

Proof: We can assume without loss that U is a domain, since the result 
holds if and only if it holds for each component of U. 

The proof of (A) is simple. For each x G U\V, there is a simple subdomain 
W C U such that x G W and W H V = ip. We have h(z) = f(z) on W, so 
A w (h) = A w (f), and 

Au(f)\ w = A w (f)\ w = A w (h)\ w = Au(h)\ w . 

Since U\U can be covered by such W, the result follows. 

For part (B), note that Z is compact; fix a simple subdomain V C U with 
Z C V . By Proposition 6.1, the restrictions of /, g and h to V belong to 
BDV(V). Note that dV is compact. Fix £ G Z, and cover dV with a finite 
number of balls B(xi,ri)^, where the closure of each £>(xj,rj)^ is disjoint 
from Z. Without loss, we can assume the £>(xj,rj)^ are pairwise disjoint. 
Let pi be the unique boundary point of B(xi,ri)^; it belongs to V\Z. Put 
Vi = UH B(xi, n); then h(z) = f(z) on V t , and dVt C dV U fe}. 

By the retraction formula for Laplacians, 

(r VtVi UA v (f)) = A Vi (f) = A Vi (h) = (ryy.)*(Ay(h)) . 
Since Tyy.{x) is the identity map on Vi\{pi} and = {pi}, 

Combined with the result from (A), this gives Ay(f)\y^ z = Ay(h)\y^ z . 
Since both Ay(f) and Ay(h) have total mass 0, 

Ay(f)(Z) = -Ay(f)(V\Z) = -Ay(h)(V\Z) = Ay(f)(Z) . 

□ 

6.7. Smoothing. In the classical theory, each subharmonic function / is 
locally a decreasing limit of C°° subharmonic functions. These are gotten 
by convolving / with a smoothing kernel. 

Here there seems to be no smoothing kernel, but nonetheless each sub- 
harmonic function is locally a decreasing limit of continuous subharmonic 
functions of a special form. The "nicest" functions we have encountered on 
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Pg erk are those of the form f(z) = F o rr(z), where T is a subgraph and 
F G CPA(r). We deem them to be the smooth functions on PB crk - 

Proposition 6.25. Let U C P^rk be a domain, and let f be subharmonic in 
U. Then for every simple subdomain V ofU, there is a decreasing sequence 
of subharmonic functions f± > fi > ■ ■ ■ on V such that 

A) lim n ^oo/ n (z) = f(z) pointwise, for each z G V ; 

B) for each n, there are a subgraph Y n C V and a function F n G CPA(T n ) 
such that f n (z) — F n o rr n (z). 

In particular, each Ay(/„) is a discrete measure, and the Ay(f n ) converge 
weakly to Ay(/) on V . 

Proof: The construction below aims to err on the side of explicitness. We 
first construct a sequence of graphs r„ which exhaust V\P 1 (C„), and then 
construct functions F n on them which approximate /. If the assertion holds 
for a subdomain V containing V, then it holds for V. Hence, after enlarging 
V if necessary, we can assume that each point in dV is of type II. 

If V is a disc, let x\ be its unique boundary point, take x 2 G V\P 1 (C„), 
and put T = [xi,X2]. If V is not a disc, let T be the subgraph spanned by 
dV = {xi, ... ,x m }. There are countably many type II points in V; list them 
as {p n }n>i- Inductively define F 1 = T U and T n = T n _i U [^i,p n ] for 

n > 2. Then dV C I\ C T 2 C • • • , and the graphs T n exhaust V\F\C V ). 

The endpoints and branch points of each T n are type II points, so the 
length of each edge of T n is a rational number. Let N n be the least common 
denominator for the lengths of the edges of T n , and let L n be the total path 
length of r n . Thus L n = K n /N n for some integer K n . Since each edge of 
r n _! is a union of edges of T n , it follows that N n _i\N n for each n. It is easy 
to see that N n — > oo as n — > oo. 

For each n, choose points % = 1,... ,M n which partition r n into 
segments of length 1/N n , i.e. which subdivide each edge into subsegments 
of length 1/N n . The endpoints and branch points of T n are contained in 
{p n) i} and because N n -i\N n , also {p n -i,i} C {p n ,i}- 

Let F n (x) G CPA(r„) be the function whose values at the points p Hii 
are F n (p n ^) = /(p n ,i), and which interpolates linearly on the intervening 
segments. By Lemmas 6.8 and 6.2 f(x) is convex up on each edge of T n . 
Hence F n {x) > f(x) for all x G r n . For the same reason, F n {x) > F n+1 (x) 
for all x G T n . Put f n (z) = F n or r Jz), so f n (z) is constant on branches 
off r„. By Corollary 6.9, f(z) is non- increasing on branches off r n , so 
fn(z) > f(z) for all z G V. Since F n (x) > F n+1 (x) on r„, f n (z) > f n+ i(z) 
for all z G V as well. 

As m — > oo the functions f m (x) converge uniformly to f(x) on each fixed 
T„, since /]r n is continuous and N m — > oo. Since each z G V r \P 1 (C 1) ) 
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belongs to some r n , we see that f n {z) — > f(z) pointwise on l / \P 1 (C t) ). Now 
fix q G V fl P 1 (C„), and consider the path [xi,?]. There is a y G [x\,q) 
such that f(x) is non-increasing for x in [y,q). Furthermore each x G [y,q) 
belongs to T n if n is sufficiently large. Hence for each e > 0, each a; G [y, q), 
and each sufficiently large n 

f(x)+e > f n (x) > f n (q) > f(q) . 

By Corollary 6.9 

lim f(x) = f(q) . 
xe[y,q) 

Hence lim n ^ 00 f n (q) = f(q). 

We will now show that each f n (z) is subharmonic on V. Clearly 

A r n ( F n) =Ys C nAnA X ) 
i=l 

for some c n:i G K. We claim that c n:i < if p n:i ^ dV. By Lemma 6.8, for 
each p n>i dV 

- E d vf(Pn,i) = Ar n /(p„J < . 

u at p nt i 

As dfff n (p n: i) > dfff(p nji ) for each {7, this gives c nji = A rn F n (p n>i ) < 0. Since 
f n (z) is constant on branches off r n , 

A v (f n ) = A Vn (F n ) = Y, c nAU x ) ■ 

i=l 

In particular A v (f n ) < 0. By construction f n is continuous. By Proposition 
6.1, /„ is subharmonic on V. 

The final assertion, that the measures A v (f n ) converge weakly to A v (f), 
follows from the proof of Proposition 6.22(B). We have shown that /„ — > / 
monotonically on each subgraph T G V, which was the hypothesis needed 
for the proof of Proposition 6.22(B). □ 

7. Applications to Dynamics. 

In this section we begin the study of the dynamics of a rational map 
if on f^ eTk . We first develop a theory of multiplicities for if at points in 
Pg erk , with properties analogous to the classical algebraic multiplicies. We 
define the pullback and pushforward measures under if, and establish their 
functoriality properties. 

We then show there is a probability measure ji on PB crk which satis- 
fies y?*(/i) = /i and y?*(/i) = d ■ fi. By analogy with the classical case for 
P : (C) (see [20], [14]), we call it the Lyubich measure. We also show that 
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the potential kernel associated to the Lyubich measure satisfies a certain 
energy-minimization principle. These results will be used in a forthcoming 
paper ([3]) concerning equidistribution of points of small dynamical height. 

We have been informed that independently Chambert-Loir/Thuillier and 
Favre/Rivera-Letelier have constructed measures on P Bcrk with the prop- 
erties above. Presumably their measures coincide with ours. One of the 
main insights of our construction is that the Lyubich measure is "the mi- 
nus Laplacian of the Call-Silverman local height". It will be interesting to 
learn what their constructions say about it. In this context, we note that 
Szpiro, Tucker and Piniero ([31]) have constructed a sequence of blowups of 
a rational map on Pi/Spec(C?„), leading to a sequence of discrete measures 
supported on the special fibres, which we expect should converge weakly to 
the Lyubich measure. 

7.1. The action of a rational function on P^rk- Let y?(T) G C V (T) be 
a rational function of degree d > 1. The action of (p(T) on PB cr k is defined 
by 



for all g G C V (T) for which g o tp belongs to the stalk of the Berkovich 
structure sheaf at x. If x is not of type I, then C V (T) C Ox, x , as was 
shown in Section 2. If x G P 1 (C 1) ), then (7.1) defines the usual action of </?, 
since y = (p(x) if and only if \g(y)\ v = \g((p(x))\ v for all linear polynomials 
g = T — a G C„[T] and for g = 1 jT . 

Note that if x G Pk erk \ pl ( c ^)> then <P(x) e PLrkWC), because the 
seminorm [g\ v ( x ) is defined for all g G P 1 (C„) and has kernel 0, whereas for 
each a G F 1 (C V ) the seminorm [g] a = |<7(a)|„ is only defined on a subring of 
C V (T) and has a nonzero kernel. By considering the induced maps on the 
stalks and residue fields, and the description of the stalks and residue fields 
given in Section 2, one sees that ip takes type I points to type I points, type 
II points to type II points, type III points to type III points, and type IV 
points to type IV points. 

7.2. Analytic Multiplicities. In this subsection we will use the theory of 
subharmonic functions to define multiplicities for ip on points of PB crk . 

For classical points a, b G P 1 (C 1) ) with ip(a) = b, write m V) j,(a) for the 
multiplicity of ip at a. For a, b with ip(a) ^ b, put m Vtb (a) = 0. Thus for 
each b e C v 



[g]<p(x) 



X 



(7.1) 



div(<^(T) - b) 



m iPyb (a)5 a (x) - 



m^ 00 {a)5 a (x) , 
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and for each b G P 1 (C„) 

We seek multiplicities on P Ber k which share these properties. 

Given b G C„, put h bt00 (x) = \og v ([ip(T) — b)] x ). Our starting point is the 
fact that h b>oc {x) G BDV(P Berk ) and 

A P i crk (Voo) = J2 m v>,oo(a)8 a (x) - J2 m^ b (a)5 a (x) , 

ip(a)=oo <p(a)=b (7-2) 

as shown in Example 5.3. On the other hand, by Corollary 3.2, for each 
x G P Bcrk and b G C„, 8(x, b)^ = [T - b] x . Hence 

8{<p(x), &)«, — [T — b\ v{x) = [<p(T) - b\ x , 

so h b:OQ (x) = log„(%>(a;), &)«,). 

Now let C £ ^(Cv) be arbitrary, and put h b ^(x) = \og v (5(ip(x) : b){). 
There is a constant C such that 

d{x,b)£ = C 



<Kz,C)oo<K&,C)<x> ' 

Taking logarithms and applying the Laplacian shows that h b ^(x) G BDV(P Berk ) 
and 

<p(a)=C <p(a)=b (7.3) 

It is easy to see that this formula holds for b = oo as well. 

Now consider h b ^(x) = \og v (S((f(x),b)^) for an arbitrary b G P^rAlC^ 
still assuming ( G P^Q,). 

First suppose b is of type II or type III. Put r = diam^(6) and fix a point 
b G B{b,r){ nP 1 ^). Then 5(x,b) c = max(r, S(x, 6 ) c ) so 

= m ax(log„(r),log,,(5(v9(x),6o)c) . 

By Proposition 6.11(D), h b ^(x) is subharmonic on U := PBcrk\{v 7_1 ({C})- 
The set 

Z := <p-\B(b,r) ( ) = {xGPU:%(x),Mc<r} C C/ 
is compact and disjoint from tp' 1 ({(}), so by Proposition 6.24(B), 
Au(h b , c )(Z) = Au(h b0 , c )(Z) = -d . 
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On the other hand, hb^(x) = hb (x,() 011 ^Bcrk^- Since hb ^{x) G BDV(Pg erk ), 
it follows that h b>c G BDV(P^ crk ), and 

A n,J hb ^ = + E rn VtC (a)S a (x) . (7.4) 

<p(a)=C 

We will now consider the functions hf, ^(x) and hb^(x) from another point 
of view, which will enable us to see that Au(hb^) is a discrete measure. 
Let ai, . . . , a<2, Ci> • • ■ , (d G P 1 (C t ,) be the points such that ip(a,i) = b and 
<^(Ci) — C> listed with multiplicities. Put 

d 

f( x ) = J2 l °Sv(S(x,ai) Ci ) . (7.5) 

i=l 

By Example 5.2, /(x) G BDV(P^ crk ) and 

Ap Lrk (/) = EW-E^) = A PL rk (^o,c)- (7-6) 
i=i i=i 

Both hb ^(x) and /(#) are continuous on Pg crk \{ai, ... , a^, Ci> • • • ? Cd} ; an d 
their difference is a function in BDV(Pg crk ) whose Laplacian is identically 
0, so hb ^(x) — f(x) + C for some constant C . 
Consider hb ^(x) and h b ^(x) on the domain 

v = ^(KerAttoX}) = pLAK,--- ,a d ,Ci,... ,(d} 

whose main dendrite D is the union of the paths (a*, Q) for i,j = 1, . . . d. 
The function h bo ^(x) is harmonic on V, so it is constant on branches off D. 
Hence, h b ^(x) = max(log^(r), hb ^(x)) is also constant on branches off D. 
The set 

X = {xeD:\h hhC (x)-\og v (r)\<l} 

is a compact subset of D, since hb ^(x) is continuous on D and hb ^(x) — > oo 
as x — > C«> hb 0) ((x) — > — oo as rr — >■ Oj for each i. Note also that D has only 
finitely many branch points. Choose a subgraph C D which has X and 
all the branch points of D in its interior, and then choose an exhaustion of 
D by subgraphs T N with T l C T 2 C • • • . Thus, for all N > M, T N is gotten 
by extending edges of Tm towards {ai, ... , a^, Ci, • • ■ , Cd}- 

Since the restriction to of each term \og v (S(x, Oj)c) in (7.6) belongs to 
CPA(rAr), the restriction of h h) ^(x) = f(x) +C to IV belongs to CPA(rjv). 
Hence the restriction of h b ^(x) toY N belongs to CPA(Ptv) as well. It follows 
that 

A r(V) = ^2°i S Pi( x ) -J2 d J 5 ij( x ) ( 7 - 7 ) 
for certain points p iy qj &T N , with q, dj > 0. 
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On the other hand, by the compatibility of Laplacians with retraction 
maps and (7.4), 

A rjv (V) = ( r rJ*( A P Bcrk (V)) 

= (r rjv )*(A {7 (V)) + (rr JV )*(E^c(0)^(^)) ■ (7-8) 

i 

Here (rr JV )*(A [ /(/i b ^)) is a non-positive measure with mass — d on rr N (Z), 
while (rr JV )*(Si m <p,c(Ci)^Cj ( x )) i s a positive measure with mass d supported 
on the points r r (Q), which are disjoint from rr N (Z). Since the total mass 
A rN (hb^)(T N ) = 0, it follows that the Pi in (7.7) are the points r r (Q), and 
the qj belong to Z fl T N — {x G T N : h bo ^(x) < log^r)}. Moreover each 
Ci = m^dd) e z - 

We claim that the qj belong to {x G Tjv : hb ^(x) = log^(r)}, and that 
each dj G Z. The first assertion is trivial: if hb x(x) < log^(r), then hb^(z) = 
log^(r) is constant in a neighborhood of a; on Tat, so Ar N (hb^)(x) = 0. For 
the second, note that 

dj = Ar(V)(^) = ~ d vh b ,c(Qj) • (7-9) 

v at qj 

Fix v, and let e be the edge emanating from qj in the direction v. As 
hb^(x) = max(\og v (hb ^(x),\og v (r)), either hb{(x) is constant on e near qj, 
in which case d^hb^Qj) = 0; or hb^(x) coincides with hb {(x) for x G e near 
In that case, by (7.5) 

d 

dvh,d<lj) = dvhoAVj) = E^tKtogvOSfoaOciXfc) ■ 

i=l (7.10) 

However, each function log^(5(x, a,)^) has constant slope 1 on the path 
(ai,Ci)> an d slope on each branch off that path. Hence each directional 
derivative d^hb^(qj) belongs to Z, and dj G Z. 

Since X is contained in the interior of Fn, each qj belongs to the inte- 
rior of Tat. By the compatibility of Laplacians with retraction maps, this 
means the qj are independent of N. Since hb^(x) is constant on branches 
off D, necessarily A P i (hf,^) is supported on D. Hence the negative part 
of A P i k (hb{) is supported on the qj. 

In summary, we have shown that for hb^(x) = log v (5(ip(x), b)^), 

i j 

where each qj belongs to DDZ, each dj > is an integer, and dj = deg (</?). 
Note that 



Z = Z b , c = {xGPL rk :%W,&)c<diam c (6)} 



(7.12) 
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We now will consider hb^(x) from a third point of view, and show that 
the points qj belong to </? _1 ({6}). To see this, let £ G P 1 (C 1) ) be arbitrary, 
and note that there is a constant C such that for all y G P^rk- 

Here 5(6, £)^ is a finite nonzero constant since 6 ^ P 1 (C„). Replacing y by 
(p(x), taking logarithms and applying the Laplacian, we find that 

i j 

-(£ "V>c< iOki ( x ) ~ S m ^ (0% 0*0) 

i i 

= £™^(0%(z)-£^A>) ( 7 - 14 ) 

where the are the points with <p(£i) = £. Thus, the ^ depend only on 6, 
not C- Applying (7.12) with ( replaced by £, we see that each ^ belongs to 

H {xePL rk :%(x),6)^<diam^(6)}. 

We now apply following lemma to conclude that (p(qj) = 6: 
Lemma 7.1. For eac/i 6 G P^rk 

fl {yePLk^(y,^<diam^(6)} = {6} . 

Proof: Suppose y ^ 6. Consider the path T = [y,b\. Let to be a type II 
point in the interior of T, and let £ G P 1 (C t) ) be a point with rr(£) = w. 
Then w lies on the interior of the path [6, £] and is the point where the paths 
[y,C] and [6, £] meet, so S(y,b)^ = S(w,b)^ > 5(6, 6)^ = diam^(6). □ 

For each G </? _1 (6), we define the analytic multiplicity m^^^b) = dj. For 
all other g, put m^ q (b) = 0. Thus < m^ q (b) G Z, X^"V,g(6) = deg(^), 
and (7.11) becomes 

v(C<)=C ¥>fe)=*> (7.15) 

So far this only holds for points 6 of type II or III (and I). We will now ex- 
tend it to points of type IV. If 6 is of type IV, take a sequence of type II points 
6i, 62, . . . approaching 6, with 6 G <B(6j, diam^(6j)^) for each i. The functions 
h^^x) decrease monotonically to hb^(x). By Proposition 6.11(D), hb^(x) 
is subharmonic in U, and by Proposition 6.22(B), the measures A^/i^) 
converge weakly to A^/i^) on simple subdomains of [/. 



BERKOVICH LINE 



121 



Suppose q G supp(A[/(/i;,,c)) , and let V be a neighborhood of V of g con- 
tained in U. For all sufficiently large i, there are points of supp(A[/(/i 6 .^)) 
in V. Since each A[/(/i 6 .^) is a sum of point masses with positive integer 
weights, &.u{hb,c)(y) is a positive integer. Choosing a sequence of neigh- 
borhoods V\ D V 2 D • • • with fl^ 1 Vfc = {6}, we see that 

A^VX^i) > ^u(h, c )(V 2 ) > ... . 

As each A[/(/ib,c)(^4) is a positive integer, the A[/(/i{,^)(T4) must stabilize 
at an integer m > 0, and A [ /(/i b ^)({g}) = m. We define m^ q {b) = m. Since 
the total mass of Au(hb^) is deg (</?), Au(hbx) must be a discrete measure, 
and we put m^ q {b) = if q ^ supp(A[/(/if,^)). Each g G supp(Aj/(/i6^)) is 
a limit of points qi G supp(A c/ (/i fe . ^)) with = 6j, so by continuity 

y?(g) = lim = lim = b . 

i^oo i— >oo 

Since hb^(x) coincides with hb it ^(x) in a neighborhood of each Q, it follows 
that hb : c, G BDV(P Bcrk ) and (7.15) holds. By a computation similar to 
(7.14), the mip, q(b) depend only on b, and not on (. 

Finally, we lift the restriction that ( G P X (C^). Formula (7.13) holds 
for any £ G P^rk- Repeating the computation (7.14), we see that for any 
b, £ G P Bcr k with b ^ £, the function hb^(x) = log v (5(ip(x),b)^) belongs to 
BDV(P Berk ) and its Laplacian satisfies (7.15). We summarize this with the 
following Proposition. 

Proposition 7.2. Let <p(T) G C„(T) &e a nonconstant rational function. 
Then for each b, ( G P Bcrk w ^b ^ (, the function hb^ix) = log^C^O^)) 
&e/onc/s to BDV(P Bcrk ). 

Furthermore, as b ranges over P Bcrk , ^ere zs a unique way to assign mul- 
tiplicities m<p t b(q) t° points q G P Bcrk such a way that 

A) < rriy^q) G Z, wift m^^q) = unless ip(q) = b. 

B) £ v ( g )= 6 "V )6 (g) =deg(y>) . 

C) For points q of type I, the m ¥ , j j,(g) coincide with the usual algebraic 
multiplicities. 

D) For allt^be P Bcrk; 

v(0=C *>(«)=& (7.16) 

Although the analytic multiplicities may seem quite mysterious, for points 
q of type II or III there is a simple formula for them. Put b = <p(q). 
Then P Ber k\{fr} nas a ^ least two components. Let b$ and ( be arbitrary 
type I points lying in different components of P Bcr k\W! anc ^ let a l5 . . . , a^, 
Ci, • • ■ ,Cd be the points with ip(ai) = b , v?(Ci) = C? listed with their usual 
algebraic multiplicities. There are also at least two components of P Bcrk \{g}. 
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For each component U of Pg crk \{g}, let N a (U) be the number of points 
<2i G U (counted with multiplicities), and let N^{U) be the number of points 
d G U (counted with multiplicities). Put N + (U) = max(0, iV c ([/) -7V a ([/)). 

Corollary 7.3. Let (p(T) G C V (T) be a nonconstant rational function. For 
each q G IPecrk °f tyP e H or tyP e III, if <p(q) = b, then 

rr^M = E N+ ( U ) ■ ( 7 - 17 ) 

components 
°/ P B 0rit \M 

Proof: This is a reformulation of (7.9), (7.10) in the discussion leading to 
Proposition 7.2. To obtain (7.17), recall that 

hboM = X>g^(z,a i ) Ci ) + C', (7.18) 

h bX (x) = max(h b0iC (x),log v (r)) . (7.19) 

Given a direction vector v at q in r^r, let e be the edge of emanating 
from q in the direction v. The directional derivative d^h bo ^(q) is the sum of 
the terms d$(\og v (8(x, a^J, for i = 1, . . . , d. Each such term is +1 if the 
path from Oj to Q passes through edge e in the direction v. It is —1 if the 
path from a, to Q passes through e in the direction opposite v, and if the 
path does not pass through edge e. The edge e belongs to a component U of 
F Berk\M; h follows that dvh b0iC (q) = N C {U) - N a {U) . If d ff h b0:C (q) > then 
dvhb,c(q) = dffh bo ^(q); otherwise d^h b ^{q) = 0. For the components U of 
^Bcrk\{<?} n °t containing edges of T N , automatically N a (U) = N^(U) = 0. 
Hence 

v at q 

u 

□ 

Note that we have not yet shown that if ip(q) = b, then m^^q) > 0. That 
fact follows from 

Proposition 7.4. Let tp(T) G C V (T) be a nonconstant rational function. 
Let bi,b 2 , ■ ■ ■ G P^rk approach b in the Berkovich topology. Then the mea- 
sures 

converge weakly to fj, b = J2 v (q )=b m v,b(<lj)o~q j (x) on each simple subdomain 
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Proof: Let V be a simple subdomain of P^rk- Without loss we can 
assume P^rkM 7 is nonempty. Take C G F l (C v )\V. Put U = Kcrk\V\{(}; 
we must show the measures Ajj^h^^) converge weakly to Ajj^h^^) on V. 

By Proposition 6.22, it is enough to show that for each subgraph T G V, 
the subharmonic functions h^^x) converge uniformly to hf,^(x) = log v (5(ip(x), 6)^ 
on T. For this, it suffices show that the functions \og v (8(y,b i )( : ) converge 
uniformly to log v (8 (y , b) on ip(T). There are two cases to consider. 

First, suppose b (p(T). Since T is compact and ip is continuous, (p(T) is 
compact. Since PB erk is a compact Hausdorff space, there are neighborhoods 
W of (p(T) and Z of b with disjoint closures. Note that ( (p(T) since T C U, 
and b ^ ( by hypothesis. After deleting a suitably small neighborhood of ( 
from W and Z if necessary, we can assume that ( W U Z. By Proposi- 
tion 3.10, S(y,z)^ is continuous and bounded below on W x Z. Since P^erk 
is a metric space, log v (8(y, z)^) is uniformly continuous on W x Z. Hence, 
as bi — > b, the functions h^^x) = \og v (8(ip(x),bi)^) converge uniformly to 
h,c(x) = hg v (5(ip(x),b) c ) on T. 

Next, suppose b G <f(T). In particular, b G PB erk \P 1 (C„), so there is a 
constant C such that 

!og,,(tf(?/»*)c) = jb(y,z)-jb(y,()-jb(z,0 + C 

for all y, z G P^rk- Noting that ^(y, 6) = j fe (6, = 0, we see that 
\^og v (S(y,bi) c ) -\og v (5(y,b) c )\ = \j b {yM) ~ 3b(KQ\ 

< My,bi)+Mbi,0 • (7-20) 

Fix e > 0, and let p{x,y) denote the path length metric on PB erk \P 1 (C^). 
Note that we do not know that (p(T) is a subgraph: it is compact and 
connected, but it could conceivably have infinitely many branch points. 
Nonetheless it is shown in Lemma 7.11 below that the path metric topology 
on ip(T) coincides with the induced topology from P^rk- Let W\ C P^crk be 
a connected open set containing b such that 

<p(T)r)W 1 C B p (b,e) := {zecp(r): p(z,b) <e} . 

Let c G (6,C) be a point such that p(c, 6) < e, put T = [b,c], and put 
W2 = r^ 1 ([6, c)). Then W2 is an open set containing b, and ^ ^(W^) = [b, c). 
Put VF = Wi fl VF2. Since the 6j converge to 6 in the Berkovich topology, 
there is an N such that 6; G W for all % > N. 

Take i > N, and let y range over (p(T). Recall that jb(y,bi) = p(b,w), 
where w is the point where the paths [y, b] and [bi, b] meet. Since bi G W 
and y G y?(r), both of which are connected, it follows that w G (p(T) fl W C 
B p (b,e). Hence < jb(y,bi) = p(b,w) < e. Likewise, jb(bi,() is the point 
t where the paths [6j,6] and [£, 6] meet. Since 63 G W 2 , it follows that 



124 



ROBERT RUMELY AND MATTHEW BAKER 



t = r M (6i) G [b,c), so < Uk,() < p(b,t) < e. By (7.20), 
\\og v (5(y,b t ) ( ) -log, (5{y,b) c ) \ < 2e . 



□ 



Before proving the assertion concerning the topology of y?(T), let us note 
some consequences of Proposition 7.4. 

Corollary 7.5. Let<p(T) G C„(T) 6e a nonconstant rational function. Then 
for each q and b in P^rk? 



Proof: Only the direction (<=) requires proof. Suppose (p(q) = b. Take 
a sequence of type I points q±, q 2 , • • ■ converging to q, and put bi = tp(qi) for 
each i. For Type I points, the analytic multiplicites coincide with the usual 
algebraic multiplicities, so for each q^ G </? _1 ({6j}) we have m^^iiQij) > 0. 
In particular m^. (gj) > 0. Since the measure in Proposition 7.4 is the 
weak limit of the measures fj,^ and all the multiplicities are integers, it 
follows that m^ q (b) > 0. □ 

Corollary 7.6. Letip(T) G C„(r) 6e a nonconstant rational function. Then 
ip : Pscrk ~~ *■ -^Bcrk ^ s open in the Berkovich topology. It is surjective, and for 
each b G Pecrk ^ ere are a ^ most d = deg(</?) points q with ip(q) = b. 

Proof: If there were an open set U C P^erk such that ip(U) was not open, 
there would be a point q G U such that b = tp(q) was a limit of points 
61,62,- •• ^ By Corollary 7.5, m^^q) > 0, and by Proposition 7.4 

the measures /i^ converge weakly to Hence for each sufficiently large i 
there is a point qij G supp^&J = </? _1 ({6j} which belongs to U. It follows 
that 6j = tp(qij) G £7, contradicting our assumption that 63 ^ [/. 

The fact that the measure \x\, in Proposition 7.4 has total mass d gives 
surjectivity. Corollary 7.5, together with the fact that each 777.^(6) is a 
non- negative integer, shows there are at most d points with ip(q) = 6. □ 

Corollary 7.7. Let <p(T) G C V (T) 6e a nonconstant rational function, and 
take q G PB cr k- ^or eac/i neighborhood U of q, there is a neighborhood V of 
q such that the function 



m Vtb (q) > 



if and only if <p(q) — b . 



Mu(x) 



m w{x){y) 



yeu 

<fl(y)=y(x) 



is constant for x G V . 



Proof: This follows immediately from weak convergence; it is equivalent 
to the assertion that if qi, q 2 , ■ ■ ■ G P Bcr k * s a sequence of points converging 
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to q, and if b = ip(q) and hi = p(qi), then for the measures fib and fi^ in 
Proposition 7.4, lim^oo ^b x (U) = fib{U). □ 

Define the "ramification function" R v : P^rk — * ^>o by 

R v (x) = m^x) (x) - 1 . (7.21) 

Corollary 7.8. Lei y?(T) G C^(T) &e a nonconstant rational function. The 
ramification function R^x) is upper semicontinuous, and takes integer val- 
ues in the range < n < deg((/?) — 1. Furthermore R^q) = if and only if 
ip is locally injective at q. 

Proof: Proposition 7.2 and Corollary 7.5 show that R^(x) takes integer 
values in the range < y < d — 1. 

For the upper semicontinuity, fix q G I?B cr k and let U be a neighborhood 
of q such that q is the only point in <p~ l ({^(q)}) H £/. By Corollary 7.7, 
there is a neighborhood V of q such that for each x EV, 

In particular, m^^^) (rr) < m^^g^q) for each rr G V. 

If R<p(q) = then m^^g^q) = 1, so Corollary 7.7 shows there is a neigh- 
borhood V of q such that m^^x) — 1 f° r an ^ G V, and for each x G V 
there are no other points x' in [/ with tp(x l ) = tp(x). Conversely, if p is 
one-to-one on a neighborhood V of g, the type I points all have multiplicity 
1, and they are dense in V. By Proposition 7.4, m^^g) (q) = 1 for all q G V. 
□ 

Example 7.1. It is well known that there are only finitely many points in 
P 1 (C„) where <p{T) is ramified. However, the situation is very different on 
Berkovich space. 

Consider <p(T) = T 2 . For a point x G Ag crk corresponding to a disc 
B(a,r) (i.e. for a point of type II or III), Proposition 7.4 shows that p is 
ramified at x (that is, R v (x) > 1) if and only if there are distinct points 
ai,a2 G B(a,r) for which (p(ai) = p(a 2 ), that is, a\ = a 2 ,, so a\ = —a 2 . It 
follows that x is ramified if and only if r > \a x — (— ai)| = |2ai|„ for some 
a! G .B(a, r). 

If r > 1 2a! | for some a\ G £>(a, r), then r > |a— a±\ v > |2|„-|a— ai\ v = \2a— 
2ai\ v , so r > \2a\ v by the ultrametric inequality. Conversely, if r > |2a|„, 
then —a G B(a,r). Thus is ramified at x if and only if r > \2a\ v . 

If the residue characteristic of C„ is not 2, then \2a\ v = \a\ v . so ip is 
ramified at the point corresponding to B(a, r) if and only r > \a\ v , or equiv- 
alently, if and only if B(a,r) = 5(0, r). These are the points corresponding 
to the interior of the path [0, oo] in P^rk- O ne sees easily that p is not 
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ramified at any points of type IV. On the other hand its classical ramifica- 
tion points in P 1 (C„) are precisely and oo. Thus, the ramification locus 
of (p(T) is [0,oo]. 

If the residue characteristic of C v is 2, then \2a\ v = \a\ v /2 (assuming 
\x\ v is normalized so that it extends the usual absolute value on Q 2 ). In 
this case, <p is ramified at a point x corresponding to a disc B(a,r) if and 
only if r > \a\ v /2. A little thought shows this is a much larger set than 
[0, oo]: for each a G C* it contains the line of discs {B(a,t) : \a\ v /2 <t< 
\a\ v } which is a path leading off [0, oo]. The union of these paths gives an 
infinitely branched dendritic structure whose interior is open in the path 
metric topology. If one views P Bcr k as Micrk U {oo}, the ramification locus 
of ip could be visualized as an inverted Christmas tree. If one considers the 
small model of P Bcr k> h would look like a spindle around the axis [0, oo]. □ 

We now return to the assertion concerning the path-length topology on 
v(r) which was used in the proof of Proposition 7.4. This will be a con- 
sequence of continuity properties of ip relative to the path-length topology 
which are of independent interest. 

Put PBcrk.o = P Bcrk\ pl ( c *0> the set of tyP e n > m > and Iv points in P Bcrk . 
We have encountered PB er ko as a se ^ man y times before, but now we will 
study it as a space in its own right, giving it the path-length topology. Let 
p(x,y) be the path length metric; it is finite for all x, y G P^rko- 

Lemma 7.9. Let ip(T) G C„(T) be a nonconstant rational function of degree 
d = deg (</?). Then ip acts on P Ber k,o» an< ^ f or a ^ x i V e P Bcrk,o 

pi}P{x),ip{y)) < d- p(x,y) . 

Proof: We already know that (p takes P Ber ko ^° ^Bcrko- For the a ssertion 
about path distances, we use the notation from the discussion preceding 
Proposition 7.2. Consider the subgraph T = [<p(x) , ip(y)] in P Ber k- Take 
bo,( £ P 1 (C U ) with rr(&o) = <p(x), r r(C) — fin)- Thus (p(x) and <p(y) lie on 
the path [&o,C]- ^ follows that 

p(v(x),¥(y)) = \^og v (5(ip(x),b Q ) c ) -\og v (5(ip(y),b ) c )\ . 

(7.22) 

However, the function hb ^(x) = log v (5(ip(x),bo)^) has the representation 
(7-18) 

d 
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where the Oj and Q are the pre-images of bo and £, listed with multiplicities. 
Inserting this in (7.22) gives 

d 

p(<p(x),<p(y)) < J2\ l °gv( S ( x , a i)<i) - l °gv( S (y, a i)Ci)\ ■ 

*=i (7.23) 

For each q G P Ber k,o the representation of the Hsia kernel in terms of j q (z, w) 
gives 

log„(5(x, Oi) c .) - log v (5(y, Oi) c .) 

= a») - CO - C») + c) 

<0 - C») - CO + c) 

= j q (x, at) - j q (x, d) + j q (y, d) - j q (y, Oi) . 

Now take q = x; then j x (x, a*) = j x (x, d) = 0, so 

\\og v (5(x,ai) Ci ) -\og v (5(y,ai) Q )\ = \j x (y,(i) ~ jx(y,ai)\ . 

Here j x (y,(i) = p( x i w ) where w G [x,y] is the point where the paths [y,x] 
and [Q,x] meet. Likewise, j x (y,a,i) = p{x,t) where t G [x,y] is the point 
where the paths [y,x] and [aj,x] meet. Since w,t G [x, y] clearly |p(x, iu) — 
p(x, t)| < p(x,y). Hence 

\^g v (5(x,ai) Q ) -\og v (5(y,ai) Ci )\ < p(x,y) . 

Inserting this in (7.23) gives the result. □ 

The bound in the lemma is sharp, as shown by the example tp(T) = T d , 
which takes the point x G [0, oo] corresponding to -8(0, r) to the point tp(x) G 
[0, oo] corresponding to -8(0, r d ). Using the definition of the logarithmic path 
length, we see that p(ip(x), <f(y)) = d ■ p(x, y) for each x, y G (0, oo). 

Corollary 7.10. Let <p(T) G C V (T) be a nonconstant rational function. 
Then 

A) ip : P Bcrk — * P Bcrk i s continuous for the Berkovich topology. 

B) ip : P Bcr k,o ~ *■ ^Berk.o ^ s continuous for the path length topology. 

Proof: We already know <p is continuous on P Bcrk for the Berkovich topol- 
ogy; this follows from the definition of the Berkovich topology. The assertion 
about its continuity on P Bcrk)0 f° r the P & th length topology is immediate 
from Lemma 7.9. □ 

Write £(T) for the path length of a subgraph T C P Berk . For any connected 
subset Z C P Bcrk , define the path length 

£(Z) = sup £(T) . 

subgraphs F C Z 
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Lemma 7.11. Let (p(T) G C V (T) be a nonconstant rational function of 
degree d = deg(</?) ; and let T C P Bc rk ^ e a subgraph. Then 

A) (p(T) is compact and connected for the path length topology. 

B) l{<p{T))<d.l{T) . 

C) The path length topology on (p(T) coincides with the induced topology 
from the Berkovich topology on P Ber k- 

Proof: Assertion (A) is trivial, since tp is continuous for the path length 
topology, and T is compact and connected in the path length topology. 

For (B), let T be an arbitrary subgraph of ip(V). Choose a set of partition 
points X = {xi, . . . , x m } C T such that all the endpoints and branch points 
of T are among the Xi, and such that for each endpoint and branch point p 
of T, there is an Xi G X with (p(xi) = p. Let A be the set of pairs such 
that Xi and adjacent in T, and put 

r' = |J [(p(xi),(p(xj)] . 

(Note that we are taking the segments [ip(xi),ip(xj)], not the path images 
ip([xi,Xj])). Then V is a subgraph of <p(T) which contains all the endpoints 
and branch points of T, and hence contains T. For each G A, Lemma 
7.9 gives p(ifi(xi), <p(xj)) < d ■ p(xj, Xj). Hence 

Taking the sup over all subgraphs shows £((p(T)) < d ■ £{T). 

For (C), we introduce the following notation. Given a connected subset 
Z C PBcrk.o an d a point b G Z, put 

radius (6, Z) = sup p(b,x) . 

xez 

We will show that for each b e <p(F), and for each e > 0, there are a finite 
number of points pi, ■ ■ ■ , p m G <p(T) distinct from b, such that if V is the con- 
nected component of <p(T)\{pi, . . . ,p m } containing b, then radius(6, V) < e. 
To construct the points pi, put Z = <f(T). If radius(6, Z ) < e there is noth- 
ing to show. Otherwise, let q± G Z be a point with p(b,qi) > e. Let pi 
be the midpoint of [b, q±\ and let Z\ be the connected component of Z$ 
containing b. Then £(Zi) < £(<p(r)) — e/2. Inductively suppose Z n has 
been constructed with £(Z n ) < £((p(T)) — n ■ e/2. If radius(6, Z n ) < e, put 
V = Z n . Otherwise, let q n G Z n be a point with p(b, q n ) > e, and let p n be 
the midpoint of [b, q n ]. Let Z n+ \ be the connected component of Z n \{p n } 
containing b. Then £(Z n+ i) < £(ip(T)) — (n + 1) • e/2. This process must 
terminate, since £(ip(T)) < d ■ £{T) is finite by part (B). Let U be the con- 
nected component of P Bcrk \{pi, . . . ,p m } containing b. Then U is open in 
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PLrk, and 

(p(T)r\U = V C B p (b,e) = {x G <p(T) : p(b,x) < e} . 

From this we see that each set V C (p(T) which is open for the path- 
length topology, is open for the relative Berkovich topology. Conversely, if 
V C y?(r) is open for the relative Berkovich topology and b G V, let W be a 
basic open neighborhood of b in P^erk f° r which W fl (p(T) C V. Then W is 
a simple domain; write dW = {xi, . . . ,x m }. Put e = minj(p(b,Xj)). Then 
Bp (b, e) is an open neighbhorhood of b in the path length topology on <p(T) 
which is contained in V. □ 

7.3. The Pushforward and Pullback measures. Let (p(T) G C„(T) be 
a nonconstant rational function. 

If v is a bounded Borel measure on PB erk , the pushforward measure y?*(V) 
is the Borel measure defined by 

<p*(u)(U) = u(<p-\U)) 

for all Borel subsets U C P^rk- Here p~ l (U) is a Borel set because p is 
continuous for the Berkovich topology. 

The pullback measure p*{v) is more complicated to define. If g(x) is a 
continuous function on P^rk! then y?*(g) is the function given by 

v*(g)(y) = Z m fAv) -g( x ) ■ 

f(x)=y 

We claim that <p*(g) is continuous. To see this, fix p G P^rk? anc ^ take 
e > 0. Let qi, . . . ,q r G PB cr k be the points with (p(qi) = p. Choose disjoint 
neighborhoods Ui, . . . ,U r with q^ G C/j. Since (7 is continuous, after shrinking 
C/j, we can assume that 

|#(z) < ^ 

for all x E U-i. For each C/j, let Vj be the neighborhood of given by 
Corollary 7.7 such that 

teUi 

ip(t)=ip{x) 

is constant for x G V*. Without loss we can assume V* C C/j. 

Put VF = n[ =1 (/?(Vi). By Corollary 7.6 each <£>(Vi) is open and contains 
p, so W is a neighbhorhood of V. Fix y G W, and let yi, ■ ■ ■ ,y s be the 
preimages of y under ip. Each y 3 - belongs to Vj for some i On the other 
hand, for each C/j, 
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and T,j m<p,y(yj) = E;«Vp(<?i) = deg(y?). Therefore 

r 

W*(9)(V) ~ f*{P)\ < EE ™*p,v(Vj) ■ \9(Vj) -9(Qi)\ 

i=l yjeUi 

< (E m v.i/(%-)) ' e = • 

3 

This shows y?*(g) is continuous. The construction also shows H^*^)!! < 
d - \\g\\, where \\g\\ = sup x& i \g(x)\. 

Berk 

The pullback measure y?*(z^) is the measure representing the bounded 
linear functional A : C(Pg crk ) — > R defined by A(#) = / (fi*(g)(y) dv{y). 
Thus 

" g{x)dv*{x) = jM9)(y)du(y) . (7.24) 

These measures satisfy the usual formal functorial properties. 

Proposition 7.12. Let <p(T) e C„(T) fre a nonconstant rational function 
of degree d = deg(</?). Suppose v is a bounded Borel measure on an open set 

f/CP Bc rk - 

A) Let vi, i/2, ■ • ■ be a sequence of signed Borel measures on U for which 
the masses of are uniformly bounded, and which converge weakly to v 
on compact subsets of U. Then (p*(vi), (/?*(z/ 2 ), • • • converge weakly to y?*(z^) 
on compact subsets o/</? _1 (C/). 

If U = </? -1 (</?(C/)) ; then ^(i/i), </?*(i/ 2 ), • • • converge weakly to <p*(v) on 
compact subsets of <p(U). 

B) <p.{<p*(v)) = d-v . 

Proof: The first assertion in (A) holds because for each g e C(</? _1 ([/)) 
Jg(x)d(p*(u) = J <p*{g){y)dv{y) 

= lim <p*(g)(y) dv n (y) = lim g(x) d<p*(v n ) . 
The second holds because for each open subset V C <p{U), 

v.(y) = ^-\v)) 

= lim u n (^ l {V)) = lim (p*(v n )(V) . 

and equality of measures on open sets implies their equality for all Borel 
sets. 

Part (B) also follows from a simple computation. Formula (7.24) extends 
to characteristic functions of Borel sets. For each Borel set E C I?Berk5 the 
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identity J2<p( x )=y m ra(i) = d means that <p*{X(p- l (E)) = d ■ xe- Hence 

= j Xv-^{E){x)dip*{v)(x) = j ' <p*(x v -i(E))(y) dv(y) 
= J d ■ xe(v) dv{y) = d ■ v{E) . 

□ 

7.4. The Pullback Formula for subharmonic functions. 

Proposition 7.13. Let tp(T) G C V (T) be a nonconstant rational map of 
degree d. Let U C P^rk ^ e domain, and let f be subharmonic in U. Then 

A) The function (p*(f) — f o ip is subharmonic in p~ l {U). 

B) A ¥ ,-i( {7 )(</?*(/)) = (p*(A u (f)) . 

Proof: 

(A) To see that / o <p is subharmonic, we use the Riesz Decomposition 
Theorem (Proposition 6.19). Let V be a simple subdomain of U, and put 
v = — Ay(/). Let ( be an arbitrary point in Pg erk \V\ Proposition 6.19 
shows there is a harmonic function h on V such that for all x G V 

f(y) = %) + J \og v {8{y,z)ddv{z) . 

Composing with (p(x) gives 

f(<p(x)) = h(<p(x)) + [ log w (%(s),*) f )di/(*) • 

Jv 

By Corollary 5.23, h(ip(x)) is harmonic in V. By Proposition 7.2, for each 
z £ V the function \og v (8(ip(x), z)^) is subharmonic in Pg crk \(/? _1 ({C})> 
hence in particular in </? _1 (V). Finally, by Proposition 6.12, 

F(x) = [ \ogMv{x),z)t)dv{z) 
J v 

is subharmonic on p)~ l (V). (The majorizing function required in Proposi- 
tion 6.12 can be taken to a constant, since 8(y,z)^ is bounded from above 
on V x V, and v has finite mass. The function F(x) is not = — oo on any 
component of p~ l {V), since F(x) = f(ip(x)) — h(ip(x)).) It follows that 
f(ip(x)) = h(ip(x)) + F(x) is subharmonic on <£> -1 (V). Exhausting U by 
simple subdomains V, we see that f(<p(x)) is subharmonic on p~ l (U). 

(B) Let V be a simple subdomain of U. By the smoothing theorem 
(Proposition 6.25), there is a decreasing sequence of subharmonic functions 
/i > fi > • • • on V such that lim^oo / n (z) = f(z) pointwise for all z G 
V, and such that each A v (f n ) is a discrete measure supported on a finite 
number of points. We will first prove the pullback formula for the /„. 
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Fix ( G PB crk \F, and write 

M„ 

V n = -A V (f n ) = J2°nAm( X ) 
i=l 

As in the proof of part (A), there is a harmonic function h n on V such that 
for all u e V 

/n(y) = h n (y) + J hg v (5(y,z) ( )du n (z) 

M„ 

= Mi/) + X)c ni l0g t) ((%,p ni ) f ) . 
i=l 

Composing with (p(x) gives 

f n (ip(x)) = h n ((p(x)) + J2c ni \og v (5((p(x),p ni )< : ) . 

i=i 

As before, h n (ip(x)) is harmonic in <y? -1 (V). By Proposition 7.2 each function 
h ni (x) = log w (<J(v7(a;),Pni)t) belongs to BDV(P^ crk ) and 

A P i crk (/i ni ) = ]T m V)C (0 • ^(x) - ^ m^ Pni (a) -^(x) 

¥>(0=C <f(a)=Pni 

In particular, h n i(x) is subharmonic in </? _1 (y). We also note that for 
any p, the measure ^2 l p^a) =p m^ p {a)8 a {x) is precisely the pullback measure 
(p*(5 p (x)). Hence 

A v -i( V) (^ ni ) = -v?*(5 Pni (a;)) . 
Summing over all i, we find that 

M n 

A V -HV)(fn°<P) = -J2 C ni ( P*( 6 P nl ( x )) = ¥>*(Ay(/„)) . 

i=l 

The functions /„ o </?(#) decrease monontonically to / o <£>(x). By the 
proof of Proposition 6.22(B), the measures A v -i (y)(f n 0i P) converge weakly 
to A v -i(v)(/o<^). Proposition 6.22(B) also shows the measures A v (f n ) con- 
verge weakly to A v (f). Hence, by Proposition 7.12 the measures (p*(A v (f n )) 
converge weakly to (p*(A v (f)). Thus 

Vw(/°vO = <p*(A v (f)) . 

Exhausting U by a sequence of simple subdomains V n , we obtain the result. 
□ 
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7.5. Construction of the Lyubich measure. Let (p(T) e C„(T) be a 
rational function of degree d > 2. Thus, there are coprime polynomials 
fi(T)J 2 (T) e C V [T] with max(deg(/ 1 ),deg(/ 2 )) = d such that <p(T) = 
f2{T)/h{T). 

We are interested in the dynamics of (p on P^rk- Put V^CO = ^CO) 
and inductively define 

Homogenizing fi(T) and f 2 (T), we obtain coprime homogeneous polynomi- 
als F 1 (X,Y),F 2 (X,Y) e C V [X,Y] of degree d such that /i(T) = Fi(l,T), 
/ 2 (T) = F 2 (1,T). Write 

Fx(x,y) = 2 '-i.^Y'v-' , F 2 (x,y) = ^x^ . 

i+j=d i+j=d 

For the moment, regard Fi(X,Y) and F 2 (X,Y) as functions on and 
write F(x,y) = (F 1 (x,y),F 2 {x,y)). Let 

||(z,J/)||t> = max(|x|„, \y\ v ) 

be the usual sup norm on C^. We claim there are numbers < B 1 < B 2 < oo 
such that for all (x,y) G C^, 

B 1 -\\(x : y)\\ d v < \\F(x,y)\\ v < B 2 ■ \\(x,y)\\ d v . (7.25) 

The upper bound is trivial, since if B 2 = max(\ci t ij\ v , \c 2 ,ij\v) then by the 
ultrametric inequality 

\Fi(x,y)\ v , \F 2 (x,y)\ v < max(|c M ^|x|;|ypj < B 2 \\(x, y)\\ d v . 

For the lower bound, note that since Fi(l,T) and F 2 (1,T) are coprime, 
their resultant b\ = Res(Fi(l, T), -F 2 (l, T)) e is nonzero. By properties 
of the resultant, there are polynomials gi(T),g 2 (T) e C„[T] of degree at 
most d — 1 such that 

^ 1 (T)F 1 (1,T) + ( 72 (T)F 2 (1,T) = &x . 

Homogenizing, we obtain homogenous polynomials Gi(X,Y),G 2 (X,Y) of 
degree d — 1 for which 

G 1 (X,Y)F 1 (X,Y) + G 2 (X,Y)F 2 (X,Y) = hX 24 ' 1 

(7.26) 

Similarly, since Fi(U,l) and F 2 (U,1) are coprime, their resultant b 2 = 
Res(Fi(U,l), F 2 (U,1)) is nonzero, and there are homogeneous polynomials 
H x (X, y ) , H 2 (X, y ) of degree d - 1 such that 

H 1 {X,Y)F l {X,Y) + H 2 {X,Y)F 2 {X,Y) = b 2 Y 2d ~ l . 

(7.27) 
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By the upper bound argument applied to G — (G±, G2) and H = (Hi, H 2 ), 
there is an A 2 > such that \\G(x, y)\\ v , \\H(x,y)\ v < A 2 \\(x,y)\\^~ 1 for all 
(x,y) G Cl. By (7.26), (7.27) and the ultrametric inequality, 

\2d-l A \W„ „A lid— 1 \\J?/„ „,MI 



l&ll 


v 1 


I&2 


\v\y\ 



l^- 1 < A 2 ||(x,y)||J- 1 .||F(x,y)|| t ,. 

Writing Ai = mrndb^, \b 2 \ v ), it follows that 

Annaxdlx.yll) 2 "- 1 < A 2 \\(x, y)^ 1 ■ \\F(x, y)\\ v . 

Thus if B 1 = Ai/A 2 , then \\F{x,y)\\ v > B 1 \\{x,y)\\ d v . 

Taking logarithms, and putting C\ = max(log„(Si), \og v (B 2 )), we have 

\^\ogM\F(x,y)\\ v )-\og v (\\(^y)\\v)\ < y ■ (7.28) 

for all ^ (x,y) G C^. Now iterate F(X,Y): put F^(X,Y) = F(X,Y), 
and inductively define 

F in \x,Y) = F(F( n - 1 )(x,y)) = F^-^Fp^y)) . 

Then FW(X, y) = (^(X, y), F 2 (n) (X, y)) where F[ n) (X, Y), F 2 {n) (X, Y) G 
Cj,[X, y] are homogeneous polynomials of degree cf 1 . Inserting F(x,y) for 
(x, y) in (7.28) and iterating, we find that for each n 

l^log„(||FH(x,y)||,)--l T log„(||F(- 1 )(x,y)||,)| < §. 

Put 

= ^log„(max(|F^(l,x)|„|F 2 ^(l,x)|,)). 

The Call-Silverman local height for tp on P 1 (C ?) ) (relative to the point 00 
and the dehomogenization iq(l, T), F 2 (l, T)), is defined for x G A 1 (C^) by 

h v , v (x) = Jim h™(x) . (7.30) 
The fact that the limit exists follows from (7.29), as does the bound 

\h VtV {x) -log„(max(l, \x\ v ))\ < J2 ~jt = C ■ ( 7 - 31 ) 

n=l a 

Taking logarithms in the identity 

F^(l u,( x) ) = F^(l = F{n){l ' X) 

and letting n — > 00 gives the functional equation 

h v , v (<p(x)) = d- hwW-logvQF^x)^) , (7.32) 
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valid on P 1 (C^)\({oo} U ^({oo})). The two properties (7.31), (7.32) char- 
acterize the Call-Silverman local height. 



We will now "Berkovichize" the local height. For each n, put 

h$(x) = ^m^(\og^ n \l,T)] x )AogM n \hT)} x ))) 

a (7.33) 

for x G I^Berk ( we regard it as having the value oo at x = oo). Then 
hjfy(x) coincides with h^ v (x) on A 1 (C„) and is continuous and strongly 
subharmonic in A Bcrk . We claim that for all x G A Berk 

\h™(x)-h%;»(x)\ < (7.34) 

Indeed, this holds for all type I points in A^Q,); such points are dense in 
A Bcrk and the functions involved are continuous, so it holds for all x G A Bcrk . 
It follows that the functions h^\{x) converge uniformly to a continuous 

subharmonic function h VtV (x) on A Bcrk which extends the Call-Silverman 
local height h (fijV (x). By the same arguments as before, for all x G A Berk 

\KA X ) ~ log„(max(l, [T] x ))\ < C , (7.35) 

and for all x G PLrkV 00 u ^(i 00 })); 

K, v (tp(x)) = d-h VtV (x) -log^F^l, T)\ x ) . (7.36) 

Actually, this can be viewed as an identity for all x G P Bcrk , if one views the 
right side as given by its limit as x — > oo, for x = oo. 

Let V\ = A Bcrk = P Bcrk \{oo}. Since h VtV is subharmonic on Vi, there is 
a non-negative measure [i\ on V\ such that Ay 1 (h lftV ) = — /Xi. On the other 
hand, each h$ v {x) belongs to BDV(P Berk ) and satisfies 

where ^ > has total mass 1. Since the b$ v converge uniformly to h 9tV 

on Vi, the fi^ converge weakly to n\ on simple subdomains of Vi, and 
so /xi(Vi) < 1. It follows that h<p jV belongs to BDV(P Bcrk ), and there is a 
non-negative measure \i on P Berk of total mass 1 such that 

A P i erk (^,„) = S^x) - /j, . (7.37) 

(Note that functions in BDV(P Berk ) are allowed take values ±oo on points 
of P X (C„); the definition of the Laplacian only involves their restriction to 
subgraphs T, which are necessarily contained in P Berk \P 1 (C 1 ,).) 

In the affine patch V 2 := PBcrk\{0}! relative to the coordinate function 
U = 1/T, the map cp is given by F\(U, 1)/F 2 (U, 1). By a construction similar 
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to the one above, using the functions Fi(U,l) and F 2 (U, 1), we obtain a 
function g^ v {x) G BDV(Pg crk ) which is continuous and subharmonic on V 2 
and extends the Call-Silverman local height relative to the point 0. For all 
x G V 2 , it satisfies 

|^(:r)-log,(max(l,[l/Ty)| < C, (7.38) 
g v , v (<p(x)) = d ■ g ViV (x) - log w ([F 2 (l/T, l)] x ) , (7.39) 

where (7.39) holds in the same sense as (7.36) Using the identity F^ n \U, 1) = 
F^(1,T)/T d ", taking logarithms, and letting n — > oo gives 

g v ,vfr) = K, v (x)-\og v ([T] x ) . (7.40) 

Applying the Laplacian and using (7.37) shows that 

A P^ crk (^) = S (x)-n. (7.41) 

The construction of the measure \x has been the main goal of this section. 
It will be called the Lyubich measure. 

Theorem 7.14. Let (p(T) G C V (T) have degree d > 2. The Lyubich measure 
fx — on IPecrk i s non-negative and has total mass 1. It satisfies the 
functional equations — d ■ ii and </?*(//) — A*- 

Proof: To show (p*(fj) — d • fj,, we use (7.36) and (7.39). Let xi, . . . , x d be 
the zeros (not necessarily distinct) of Fi(l,T), and put U\ = </? _1 (Vi) = 
P^ eik \{x 1 , . . . ,x d }. By the pullback formula for subharmonic functions 
(Proposition 7.13), H(x) := h^ v (ip(x)) is subharmonic on Ui, and 

A Vl (H) = <p*(A Vl (h^ v )) . 

Taking Laplacians in (7.36) gives <^*( / u|y 1 ) = d ■ jj,\u 1 - Likewise, put U 2 = 
V l {V 2 ) = PBerk\{?/i> • • • > Vd}, where y 1} . . . ,y d are the zeros of F 2 (l/T, 1) = 
F 2 (1,T)/T d . Since Fi(l,T) and F 2 (1,T) are coprime, the sets {x 1 ,...,x d } 
and {yi, . . . ,y d } are disjoint. Then G(x) := j^,, (<£>(#)) is subharmonic on 
C/ 2 , and satisfies 

A U2 (G) = ip*(A V2 (g^ v )) . 

Taking Laplacians in (7.39) gives (p*(fJ>\v 2 ) = d ■ (J,\u 2 - Since V\ U V 2 = 
U 1 UU 2 = P^ crk , it follows that </?*(//) = d ■ fi. 

The identity — A 4 follows formally from tp*(fj) = d ■ fi. By Proposi- 

tion 7.12(B), </?*(</?*(//)) = d ■ ji. Since <£>*(//) — d • fx, this gives y?*(/i) — A 4 - 
□ 

The Lyubich measure is better behaved than arbitrary measures; in par- 
ticular, it is "log-continuous" in the following sense: 
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Definition 7.1. A positive measure u on P Berk i s log-continuous if 
Uu(x) = -log v (\\x, y\\ v )dw(y) 

is continuous (hence uniformly bounded) on all of Park- 
in the definition, - \og v (\\x,y\\ v ) = - \og v (8(x, y) fo ) = j Co (x, y) where Co e 
Pg crk is the Gauss point, the point corresponding to 5(0, 1). Thus u u (x) is 
the potential function ^(x, Co)- In the definition, \\x, y\\ v could be replaced 
by any other kernel which differs from it by a bounded continuous function; 
in particular, it could be replaced by 5(x,y)^ for any ( G PB erk \P 1 (C 1) ). 
The log-continuity of the Lyubich measure follows from 

Proposition 7.15. Let uo be a positive measure on P^ erfc for which —uo 
is locally the Laplacian of a continous subharmonic function. Then u is 
log- continuous. 

Proof: Fix x G P^rk; anc l ^ ^ c ^Berk b e a neighborhood on which 
— uj\v = Ay(/) for some continuous subharmonic function /. After shrink- 
ing V if necessary, we can that assume V is a simple domain, and that / is 
bounded and strongly subharmonic on V. Put ujy = u\y, and consider the 
potential function 

UuiyizX) = j -\og v (5(x,y) c )dujv{y) . 

By Proposition 6.20, u U!v (z, Co) is continuous on all of P^rk- ^ I s bounded 
since Co ^ P 1 ^). 

Since PB erk is compact, a finite number of such simple domains V* cover 
P Bcrk . It is easy to see that the assertions made for the restriction of u to 
the Vi hold also for its restriction to their intersections V ix D • • • D V ir . By 
the inclusion-exclusion formula, u u (z, Co) is continuous on P^rk- '-' 

Example 7.2. A rational function ip(T) G C V (T) has good reduction if it can 
be written as (p(T) = f 2 (T)/fi(T) where /i(T),/ 2 (T) G C„[T] are coprime 
polynomials whose coefficients belong to the ring of integers O v of C„, and 
where the resultant Res(/i,/2) is a unit in O v . (If (p(T) is defined over a 
global field, then it has good reduction at all but finitely many v.) 

Suppose <p(T) has good reduction, and has degree d > 2. We claim that 
the Lyubich measure fi 9 coincides with the Dirac measure S^ (x), where Co 
is the point of PB er k corresponding to B(0, 1). 

To see this, recall formula (7.25) and note that the proof of that formula 
shows that under our hypotheses, B ± — B 2 — 1. Thus for all (x,y) G C^, 

\\F(x,y)\\ v = \\(x,y)\\ d v . 
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By iteration, for each n, \\F^(x,y)\\ = \\(x, y)||^f. Examining the construc- 
tion of h,p iV , one finds that 

KA X ) = log„(max(l, [T] x )) = \og v (5(x, Co)oo) , 

so A(/i V) „) = S^x) - 5 <0 (x). Hence = 5 Co (x). 

7.6. Fatou and Julia sets. In this subsection, we define the Fatou and 
Julia sets of a rational map ip defined over C„; these are open and closed 
subsets, respectively, of P^rk- Assuming that the degree of ip is at least 2, 
we will show that the support of the Lyubich measure is contained in the 
Julia set of ip. In particular, it will follow that the Julia set in P^k of a 
rational map ip of degree at least two is always non-empty. 

In order to define the Fatou and Julia sets, we need to discuss the general 
notion of topological equicontinuity. The following definition is taken from 
[26, Section 14.2]. 

Definition 7.2. Let X and Y be topological spaces, let JF be a family of 
continuous maps from X to Y, and let x G X and y G Y be arbitrary points. 

(a) T is topologically equicontinuous at (x, y) if, given any open neigh- 
borhood O of y, there exist open neighborhoods U of x and V of y 
such that for every / G J 7 , we have f(U) C O whenever f(U) D V is 
nonempty. 

(b) T is topologically equicontinuous at x if it is topologically equicon- 
tinuous at (x, y) for all y G F. 

(c) T is topologically equicontinuous if it is topologically equicontinuous 
at all x G X. 

We will need the following lemma from [26, Proposition 14.2.1]: 

Lemma 7.16. Let T be a family of continuous maps from X to Y which 
is topologically equicontinuous at x G X . Then given K C O C Y with K 
compact and O open, there is a neighborhood U of x such that f{U) C O 
whenever f G T and f{U) H K is nonempty. 

Definition 7.3. Suppose that X is a topological space and that Y is a 
metric space. Let T be a family of continuous maps from X to Y, and let 
x be a point of X. We say that T is equicontinuous at x if for every e > 0, 
there exists an open neighborhood U of X such that d(f(x),f(x')) < e 
for all x' E U and all / G JF. We say that JF is equicontinuous if it is 
equicontinuous at every x G X. 

Topological equicontinuity is then related to equicontinuity as follows (see 
[26, Exercise 14.2.3]: 
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Proposition 7.17. Suppose that X is a topological space and that Y is a 
metric space. Let T be a family of continuous maps from X to Y , and let 
x be a point of X . Then: 

A) If ' T is equicontinuous at x, then T is topologically equicontinuous at 

x. 

B) IfY is compact and T is topologically equicontinuous at x, then T is 
equicontinuous at x. 

Proof: For (A), suppose that T is equicontinuous at x, let y G Y, and let O 
be an open neighborhood of y in Y. Choose e > such that V :— D(y, e) C 
O. By definition of equicontinuity, there exists an open neighborhood U of 
x such that d(f(x),f(u)) < e/3 for all u G U and all / G T. Let / G J 7 , 
and suppose that f(U) fl V is nonempty so that there exists some element 
x' G U such that f(x') G V. Then for all u G U, we have 

<*(/(«),!/) < rf(/(«),/(a;)) + rf(/( a :),/( a :')) + rf(/(x'),l/) 
< £/3 + e/3 + £/3 

= e, 

so that /(w) G O. 

For (B), suppose Y is compact and JF is topologically equicontinuous at x. 
Let e > be arbitrary. Then for each y G Y, there exist open neighborhoods 
U y and of x and y, respectively, such that f(U y ) C D(y,e/2) whenever 

/([/,) ny^0. 

Since F is compact, there is a finite subcover Vi, . . . ,V n :— V yi , . . . , V Vn 
which covers Y. Let Lq . . . , C/ n be the corresponding sets in X, and let 
U = CiUj, so that U is an open neighborhood of x. 

We claim that d(f(x), f\x')) < e whenever x' G U and / G T . To see this, 
note that since x' G U, we have x' G C/j for all j. Choosing an index k such 
that f(x') G V fc , we have f(U k ) n V fc 7^ 0, and therefore /(x') G D(y k ,e/2). 
It follows that 

/(a/)) < d(/(x), /(y fc )) + d(f(y k ), f\x')) 
< e/2 + e/2 
= e 



as desired. □ 

In particular, if X is a topological space and Y is a compact metric space, 
then the notions of equicontinuity and topological equicontinuity coincide. 
It follows that the equicontinuity of a family T of continuous maps from X 
to Y depends only on the underlying topology on Y, not on the choice of a 
particular metric on Y. 
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Remark 7.1. It is a consequence of the Arzela-Ascoli theorem that if X and 
Y are metric spaces, with Y compact, then the notions of equicontinuity 
and normality coincide. (For the definition of normality, see [21]). 

We now specialize to the case where X = Y = PB erk . Let T ' : U — > P^rk 
be a family of continuous maps, where U C Pg crk is an open set. We say 
that T is equicontinuous on U iff it is topologically equicontinuous in the 
above sense. 

Remark 7.2. Using the fact that the subspace topology on P 1 (C t) ) coin- 
cides with the spherical topology (i.e., the topology defined by the spherical 
metric), it follows that equicontinuity in the Berkovich topology at a point 
x G P 1 (C 1) ) is equivalent to equicontinuity at x with respect to the spherical 
metric on P 1 (<□„). However, equicontinuity at a point of PB erk \P 1 (C„) does 
not seem easy to describe in terms of the spherical metric on P 1 (C ?) ). 

We now define the Fatou and Julia sets of a rational function <p{T) G 
C V (T). 

Definition 7.4. The Fatou set of (p is the open set consisting of all x G 
Pg crk such that the family = {<p^} n >i of iterates of (p is equicontinuous 
at x. The Julia set J v of ip is the complement of the Fatou set, i.e., J v : = 

^Bcrk\-^V 

By definition, the Fatou set of ip is open, and the Julia set of ip is compact. 

The sets J V {C V ) = J v n P 1 ^) and F V (C V ) = F v n P 1 ^) coincide, 
respectively, with the Julia sets and Fatou sets of ip in as defined in [4], 
[16], and [22]. This follows from Remark 7.2. 

We now show that if deg(ip) > 2, then J v is always non-empty. This 
is in contrast to ^(C^,), which is empty whenever the map p> has good 
reduction (see [22], [4]). We will deduce the fact that J v is non-empty from 
the stronger fact that the Lyubich measure ^ is supported on J v . It seems 
likely that the support of is in fact equal to J v . 

Theorem 7.18. The support of fi v is contained in the Julia set J v . 

Proof: Let xq be a point of the Fatou set. We will show that if U is a 
sufficiently small open neighborhood of xo, then restricted to U is the 
zero measure. 

First assume that xq G Ag erk . Then it suffices to show that h VtV (x) is 
harmonic on some neighborhood U C Ag crk of x . To do this, we follow the 
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general outline of an argument of Fornaess and Sibony [13]. Define 

= {xE A^ crk : [T] x < 2} 
K = {xeAl clk : [T] x < 1 -}. 

By Lemma 7.16, there exists a neighborhood U of x such that tp( n \U) C 
O whenever ip( n \U)C\K ^ 0. Therefore for all n we have either ip( n \U) C O 
or Lp( n \U) C Pg crk \i ; r. Passing to a subsequence </?( nfc ) and replacing </? by 
1/V if necessary, we may therefore assume without loss of generality that 
(/? K)([/) c O for all k, or equivalently that [^ nk \T)\ x < 2 for all z E U 
and all k. In particular, i^ nfc ) ^ on U for all k. 

We now find that, for x E U, we have 

^ fc) (*) = ^maxaog^^^l^)].),^^^^^)].)) 

= ibg,([^(l,T)y + ^ms X (lM[^\T)] x U7A2) 

The last term in (7.42) converges uniformly to zero, since the quan- 
tity [^ nk \T)\ x is uniformly bounded as k varies. Moreover, the term 
\og v ([F^ nk \l, T)] x ) is harmonic on U for all k. Since converges uni- 
formly to V„, it follows that ^ \og v ([Fi nk \l,T)] x ) converges uniformly to 

h VtV on U . Therefore h^ v is harmonic on U as desired. 

Finally, for the case Xq = oo, apply a similar argument to the function 
g<p lV (x), using the coordinate function U = 1/T instead of T. □ 

7.7. The Energy Minimization Principle. Recall that for each ( E 
Pg erk , the Hsia kernel is 

Given a log-continuous probability measure /x, define the potential kernel 
g,(x,y) = J i -log v (6(x,y)c)M0 + C (7-44) 

^Bcrk 

where the normalizing constant C is chosen so that 

g fl (x,y)dfj,(x)dii(y) = 0. (7.45) 
Using (7.43) one sees that 

g»(x,y) = j( (x, y) - u^x, Co) - u^(y, Co) + C 

and that C = JJ j^ (x, y) dfj,(x)dfi(y) . Since u^(z, Co) is continuous, g^(x,y) 
inherits the following properties from (x, y) . 
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Proposition 7.19. Let /i be a log- continuous probability measure on PB erk . 
Then g^(x,y) is symmetric, lower semicontinuous everywhere, continuous 
off the diagonal, and bounded from below. For each fixed y, the function 
G y (x) = g^(x, y) is continuous and belongs to BDV(P Bcrk ); it is subharmonic 
in PBerk\{l/} an d satisfies ^(G y (x)) = S y (x) — ji. 

Given a probability measure v on P B erk> define the generalized potential 
function 

u v {x,li) = J g tl {x ) y)dv{y) , (7.46) 

and the /z-energy integral 

!M = II 9 l x{x,y)dv{x)dv(y) = / u„(x, li) dv{x) . 

jj J p A7 j 

Our goal is to prove the following energy minimization principle: 

Theorem 7.20. Let li be a log- continuous probability measure on PB crk . 
Then 

A) I^v) > for each probability measure v on Picric an ^ 

B) I^iy) = if and only if v = ji. 

The proof rests on establishing analogues of Maria's theorem and Frost- 
man's theorem for the functions u u (x, li). We begin by showing that gener- 
alized potential functions have the same properties as usual ones. 

Recall that a real-valued function f(z) is lower semi-continuous if 

hmm£f(x) > f(x) 

for each x. This is equivalent to requiring that / _1 ((6, oo)) be open, for each 
b E M. Recall also that f(z) is strongly lower semi-continuous if for each x 

limmf f(z) = f(x) . 

Proposition 7.21. Let li be a log- continuous probability measure on P Bcr k> 
and let v be an arbitrary probability measure on P^rk- Then u u (x,fi) is 
strongly lower semi- continuous everywhere, and is continuous at each z 
supp(z/). For each p G P 1 (C„) ; as x approaches p along any path [y,p], 

lim f( x ) = f(p) ■ 
xe[y,p) 

Moreover, u u (z,fi) belongs to BDV(PB crk ) ; and Ap^ k (u u (x,/i)) — v — li. 
Proof: Note that 

u v (x,n) = JJ j Co (x,y) - j (o (x,c) - jco(yX)d^{OMy) 

= u u (x,Co) - u^(x,Co) - D . 



BERKOVICH LINE 143 

Here D — J u^y, Co) dv{y) is a finite constant. Since u^(x,(o) is bounded 
and continuous everywhere, the assertions about continuity, strong lower- 
semicontinuity, and path limits follow from the corresponding facts for 
u u(%,(o) proved in Proposition 4.7. 

We have also seen in Example 5.4 that u u (x,(o) and u^(x,(o) belong to 
BDV(PB erk ). By the computations of the Laplacians there, A(u„(x, //)) = 
(v-5 Co (x)) - (n-5 Co (x)) = u-fi. □ 

The following lemma plays a key role in the proof of Maria's theorem for 
the generalized potential function u u {z,ji). We have used its analogue for 
standard potential functions many times. 

Lemma 7.22. Let V be a subgraph o/Pg crk7 and let v be an arbitrary prob- 
ability measure on Picric- Then for each ( e PB erk \P 1 (C„) 7 the restriction of 
u u (x,() to T is finite and continuous. 

Proof: First note that for any £ G PB crk \P 1 (C„), there is a constant C 
such that 

u u (x, C) = u u (x, + j Co (x, - j Co (x, + C. (7.48) 
To see this, compute 

u v {x, C) - u v (x, = J j (o {x,y) - j Co (x,() - j Co (y,()My) 

- J ko (x, y) - j Co (x, - j Co (y, du(y) 

+ J j( (y^)du(y) - J 3c (yX)dv(y) ■ 

Since Co, £ and C all belong to Pg crk \P 1 (C„), the functions j<^ (y, £) and 
JCoiViC) are bounded and continuous on PB crk , and hence the integrals in 
the last line are finite. 

Now take £ = rr(C)- Note that there is a constant C\ such that 

k ( x > y) + c i = ko ( x , y) - ko ( x , - ico (v, ■ 

By (7.48), to show that u u (x,() is continuous on T it suffices to show that 
u„(x,£) is continuous on T, since j^ (x,^) and j^ (x, C) are continuous on all 
of 

^Berk- However, for ifT, 

u v (x,^) = J jz(x,y)dis(y) + C 1 

= j^3ii{ x ^T{y))dv{y) + C 1 = J j ( (x,w)dP(w) + C 1 

where v = (rr)*(^). Since j^(x,w) is bounded and continuous for (x,w) 
T x T, it follows that that u v (x,£) is finite and continuous on T. □ 
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Proposition 7.23. (Maria) Let fi be a log- continuous probability measure 
on PB crk , and let v be a probability measure on P^erk- If there is a constant 
M < oo such that u u (z,fi) < M on supp(z/) ; then u„(z,[/,) < M for all 
z e PLrk- 

Proof: Put E = supp(z/), and let U be a component of PB crk \-E. By Propo- 
sition 7.21 u v (z, fi) is continuous on U and Au(u v (z, fi)) < 0. Hence u v (z, fi) 
is subharmonic on U. We will use the maximum principle for subharmonic 
functions and the representation u v (z, fi) = u v (z, Co) — u^z, Co) —D to show 
that u u (z,li) < M on U. 

First we will show that for each type I point x G dU, 

limsup u u (p, fi) < u u (x,fi) . (7.49) 

p^x 

peu 

Fix x G dU fl P 1 (C 1) ), and let pi,p 2 , . . . be a sequence of points in U which 
approach x. Fix e > 0. Since u^(z, Co) is continuous, there is a neighborhood 
V of £ on which \u^(z, Co) — m^(^, Co) I < £■ 

Since ||^, iy||„ is continuous off the diagonal, for each p n there is a point 
p n E E such that ||f> n jPnlli> — IbnjHIu for all w G E. By the ultrametric 
inequality, for each w G E 

\\p n ,w\\ v < max(||p ||Pn, HI*) = lbn,Hk • (7.50) 

Since p n — > x and x is of type I, lim^oo ||p n , — > 0. By (7.50), \\p n , x\\ v < 
\\p n ,x\\ v . It follows that p n — > rr as well. 

Let n be large enough that p n ,P n G V. Then |w M (p n ,Co) — ^(^Co)! < £ 
and |« M (p n , Co) - u^x, Co) I < e, so \y(p n , Co) - *v(p n > Co) I < 2e. Using this, 
(7.50), and the definition of a potential function, 

«i/(Pn, Co) = U u (p n , Co) - U,,(Pn, Co) - D 

= J - fog^dbn, w\\ v ) dv(w) - u^ipn, Co) - D 

< J ' -log v (\\p p ,w\\ v )di>(w) -u^(p n , Co) - D + 2e 
= u v (p n ,n) + 2e < M + 2e . 

Since e > is arbitrary, we obtain (7.49). 

Suppose there were a point p G U where u u (p , fi) > M. Fix a > with 
u u (p , fi) > M + a. Write f(z) = u v {z, fi). We will construct a sequence of 
points pi,P2, ■ ■ • approaching dU and lying on a path, with f(p n ) > M + a 
for each n. 

If the main dendrite of U is empty, then U is a disc (it cannot be P^rk; 
since supp(z/) is nonempty). Let x be its unique boundary point, and put 
D = [x,po\. Take a sequence of points Pi,P2, ...ED with p n — > x. By 



BERKOVICH LINE 



145 



Corollary 6.9, f(z) is non-increasing on paths away from the boundary point 

X,S0M + <7</( Pl )</(p 2 )<---. 

If the main dendrite D of U is nonempty, then since f(z) is non-increasing 
on branches off the main dendrite, we can assume that po lies on the main 
dendrite. Take a sequence of subgraphs C D which exhaust D. Without 
loss we can assume that p G and that r*™) C Tq 1 ^ for each n. After 
enlarging slightly if necessary, we can also assume that r r ( n )(dU) = 
dT^ for each n. 

Inductively construct pi,P2, ... as follows. Since u v (z,fj) is subharmonic 
on U, Lemmas 6.4, 6.6, and 6.7 show that its restriction to each belongs 
to BDV(T( n )) and achieves its maximum on r( n ) at a point of r V ( n) (dU). 
Let p\ G dY^ be a point where f(pi) > M + a. Suppose we have found 
p n G dT^ with f(p n ) > M + a, which is a local maximum for f(z) on T^ n \ 
and such that po,Pi, ■ ■ ■ ,Pn lie on a path. 

Viewing p n as a point of T^ n+1 \ let the direction vectors at p n be vi, . . . ,v m . 
Since p n belongs to Tq* +1 \ necessarily m > 2. As p n G dT^ n \ one of them, 
say vi, leads into T^ n \ The others lead into edges e 2 , . . . , e m of T^ n+1 \ For 
each k > 2, the edge corresponds to a component of r( n+1 )\r(™); let 
j'(fe) — (7 fe u be the closure of Then is the unique direction 
vector at p n leading into T^ k \ Note that each is a subtree of D with 
rTW (dU) = <9T«. 

Since p n G r[ ) n+1 ' ) , Lemma 6.8 shows that 

m 

> A r( „+i)(/)(p n ) = -J2 d vJ(Pn) ■ 

k=l 

Here djj 1 f(p n ) < 0, since p n is a local maximum for /(z) on r*™). Hence 
there must be some k > 2 with d$ k f{p n ) > 0. Fix such a and consider 
/(*) on TW. By Lemma 6.8, A T(k) f(x) < on T( fc ). By our choice of fc, 
A rW /(p„) < 0. Hence A rW (/)+ C <9T«\{p n }. 

Lemmas 6.5 and 6.8 show that f(z) is either constant on or achieves 
its maximum on at a point of A T (k)(f) + . In either case there is a point 
p G <9T^\{p n } where /(z) achieves its maximum. Put p„+i = p. Then 
Pri+1 G 9r^ n+1 \ f(p n+ i) > M + a", and p n+i is a local maximum for f(z) on 
p(n+!)_ By construction the points Po,Pi, • • ■ ,Pn+i he on a path. 

Since the graphs exhaust D, the points p n approach a boundary point 
x G <9C/ C E. By what we have shown above, x cannot be of type I, since 
liminf^oo f(p n ) > M + a. 

Let T be the path [po,^]- It has finite length, since neither p nor x is 
of type I, so it is a subgraph of P^rk- By Lemma 7.22, the restriction of 
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u u (z, fi) = u„(z, Co) — u^{z, (o) — D to T is continuous. It follows that 
u u (x,fi) = Jirn u u (p n , fi) > M + a. 

This is a contradiction, since x G dU C E = supp(z/), so u u (x,fi) < M by 
hypothesis. Hence u u (z,fi) < M on U. □ 

Define the '/i-Robbin's constant' to be 

V(n) = inf I^v) = inf J J g^(x : y) dv{x)dv{y), 

prob meas prob meas 

where v runs over all probability measures supported on PB erk . Trivially 
V{\i) > — oo, since g u (x,y) is bounded below, and V(fi) < 0, since /^(/i) = 
by the normalization of g^(x,y). Taking the weak limit of a sequence 
of measures i/i,i/ 2 , ... for which I a (v n ) — > V(//) and applying the same 
argument used to prove the existence of an equilibrium measure, one obtains 
a probability measure u for which I^uj) = V(fj). 

Proposition 7.24. (Frostman) Let fi be a log- continuous probability mea- 
sure on P Be rk> an d u be a probability measure for which I^uj) = V(fj,). 
Then the generalized potential function u^i^z,^) satisfies 

u u (z,fi) = V(n) on P Bcrk . 

Proof: First, using a quadraticity argument, we will show that u u (z,fj) > 
V(n) for all z G Pjjerk except possibly on a set / of capacity 0. Then, we 
will show that u w {z,n) < V(fx) on supp(u;). By Maria's theorem, u u (z,fj,) < 
V(fj) for all z G P Berk . Since a set of capacity is necessarily contained in 
P l {C v ), it follows that u u (z,fi) = on P^yP^C). Finally, if p G P l (C v ), 
let z — > p along a path [y,p\. Proposition 7.21 gives u^p, //) = V(fj,). 
Put 

/ = {z G P Bcrk : u u {z,n) < V { n)} , 

/„ = {z G P Bcrk : u u (z,n) < V { n) - 1/n} , for n = 1, 2, 3, . . . . 

Since u u (z,fj,) is lower semicontinuous, each /„ is closed, hence compact, so 
/ is an F a set. By Corollary 4.10, / has capacity if and only if each f n 
has capacity 0. 

Suppose f n has positive capacity for some n; then there is a probability 
measure a supported on f n such that I^ (cr) := // j^ (x,y) da(x)da(y) < oo. 
Since g u (x,y) differs from j^ (x,y) by a bounded function, I^cr) < oo as 
well. 

Furthermore, since 

= 9^( x ,y)duj(x)du;(y) = / u u (x, ji) dw(x) , 
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there is a point q G supp(yu) with u u (q, /i) > V(/i). Since u u (z,fj) is lower 
semicontinuous, there is a neighborhood [/ of q on which m^^, fj) > V(/i) — 
l/(2n). After shrinking U if necessary, we can assume its closure U is 
disjoint from f n . Since q G supp(u;), it follows that M := u;(Z7) > 0. Define 
a measure o\ of total mass by 



The first integral is finite by hypothesis. The second is finite because f n and 
U are disjoint, so g^z, w) is bounded on /„ x U . The third is finite because 
Ifx{uj) is finite and g^(z,w) is bounded below. 

For each < t < 1, u t := u + to\ is a probability measure. By an 
expansion like the one above, 



For sufficiently small t > 0, the right side is negative. This contradicts the 
fact that uj minimizes the energy integral. It follows that f n has capacity 0, 
and hence / = W^ =l f n has capacity by Corollary 4.10. 

The second part requires showing that u u (z,fj) < V(fi) for all z G 
supp(cj). If u^Zjfj) > V(fj) for some q G supp(u;), let e > be small 
enough that u u (q, fJ>) > V(fJ>) + £■ The lower semi continuity of u u (z,fj,) 
shows there is a neighborhood U of q on which u u (z,[/,) > V(fj) + e. Then 
T := u;(C/) > 0, since q G supp(yu). On the other hand, by Lemma 4.9, 
oj{f) = since I^oj) < oo implies that Ic, {oj) < oo. Since u u (z,fj,) > V(/i) 
for all z ^ /, 



= < 



' M ■ a on fn, 
—fj, on [/, 
elsewhere. 



We claim that is finite. Indeed 






> T-(V(ii)+e) + (l-T)-V(ii) 



V(fi) + Te 
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which is impossible. Hence u^{z,p) < V(p) on supp(c<j), and Maria's theo- 
rem implies that u w {z,p) < V(p) for all z. 

As noted at the beginning of the proof, the fact that u^p, p) = V(p) for 
all p G P 1 (C 1) ), now follows from Proposition 7.21. □ 

We can now complete the proof of Theorem 7.20. 

Proof: (of Theorem 7.20). 

Suppose oo minimizes the energy integral I^v). By Proposition 7.24, 
u w (z,fj) is constant. It follows that A(u u (z, [/,)) = 0. On the other hand, 
by Proposition 7.21, A(u w (z, //)) = uj — p. Hence uj — p. 

However, = by the normalization of g^x, y), so V(p) = 0. It 

follows that I^(v) > for all v, and if I^v) = 0, then v = p. □ 

Theorem 7.20 is one of the key results needed in [3] for proving a nonar- 
chimedean equidistribution theorem for points of small dynamical height. 
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